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Abstract 

We classify symplectic actions of 2-tori on compact, connected symplectic 4-manifolds, 
up to equivariant symplectomorphisms. This extends results of Atiyah, Guillemin-Sternberg, 
Delzant and Benoist. The classification is in terms of a collection of invariants, which are 
invariants of the topology of the manifold, of the torus action and of the symplectic form. We 
construct explicit models of such symplectic manifolds with torus actions, defined in terms of 
these invariants. 

We also classify, up to equivariant symplectomorphisms, symplectic actions of (2n — 2)- 
dimensional tori on 2n-dimensional symplectic manifolds, when at least one orbit is a (2n— 2)- 
-dimensional symplectic submanifold. Then we show that a 2n-dimensional symplectic man- 
ifold (Af , a) equipped with a free symplectic action of a (2n — 2) -dimensional torus with at 
least one (2n — 2) -dimensional symplectic orbit is equivariantly diffeomorphic to M/T x T 
equipped with the translational action of T. Thus two such symplectic manifolds are equivari- 
antly diffeomorphic if and only if their orbit spaces are surfaces of the same genus. 

1 Introduction 

We extend the theory of Atiyah ffB, Guillemin f[9\, Guillemin-Sternberg [[HI, Delzant (TU\, and 
Benoist [31 to symplectic actions of tori which are not necessarily Hamiltonian. Although Hamil- 
tonian actions of n-dimensional tori on 2r2-dimensional manifolds are present in many integrable 
systems in classical mechanics, non-Hamiltonian actions occur also in physics, c.f. Novikov's 
article (40\. Interest on non-Hamiltonian motions may be found in the physics literature, for ex- 
ample: Sergi-Ferrario [,48] . Tarasov [58] and Tuckerman's articles [l56l . [[571 and the references 
therein. 

In this paper we give a classification of symplectic actions of 2-tori on compact connected 
symplectic 4-manifolds in terms of a collection of invariants, some of which are algebraic while 
others are topological or geometric. A consequence of our classifications is the following. 
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Theorem 1.1. The only A-dimensional symplectic manifold equipped with a non-locally-free and 
non-Hamiltonian effective symplectic action of a 2-torus is, up to equivariant symplectomor- 
phisms, the product x S"^, where = (M/Z)^ and the first factor of acts on the left 
factor by translations on one component, and the second factor acts on S"^ by rotations about the 
vertical axis ofS^. The symplectic form is a positive linear combination of the standard translation 
invariant form on and the standard rotation invariant form on 5*^. 

Duistermaat and I showed in [[T2 | that a compact connected symplectic manifold (M, a) with 
a symplectic torus action with at least one coisotropic principal orbit is an associated G-bundle 
G Xff Mh whose fiber is a symplectic toric manifold Mh with Th-action and whose base G/H is a 
torus bundle over a torus. Here Th is the unique maximal subtorus of T which acts in a Hamiltonian 
fashion on M, G is a two-step nilpotent Lie group which is an extension of the torus T, and H 
is a commutative closed Lie subgroup of G which acts on via Th and is defined in terms of 
the holonomy of a certain connection for the principal bundle Afreg — > Mj-eg/T, where Mieg is the 
set of points where the action is free. Precisely, G = T x (l/th)* where [ is the kernel of the 
antisymmetric bilinear form cr' on t which gives the restriction of a to the orbits, and th is the Lie 
algebra of the torus Th. The additive group (t/th)* C [*, viewed as the set of linear forms on [ 
which vanish on th, is the maximal subgroup of t* which acts on the orbit space M/T. We then 
proved a precise version of the following. 

Rough Classification 1.2 (Duistermaat-P.-, 2005). Symplectic actions of tori on compact con- 
nected symplectic manifolds with coisotropic principal orbits are classified by an antisymmetric 
bilinear form a* on t (the restriction of a to the orbits), the Hamiltonian torus Th, the momen- 
tum polytope associated to Th by the Atiyah-Guillemin-Sternberg theorem, a discrete cocom- 
pact subgroup in (t/th)* C t* (the period lattice of ([/th)*j, an antisymmetric bilinear form 
c: (l/th)* X (t/th)* I with certain integrality properties (represents the Chern class of the prin- 
cipal T -bundle M^^g M-eg/Tj, and the holonomy invariant of a so called admissible connection 
for the principal bundle M^^g — > M^^g/T. 

On the other hand suppose that (M, cr) is a compact, connected 2n-dimensional symplec- 
tic manifold equipped with an effective action of a (2n — 2) -dimensional torus T for which at 
least one T-orbit is a {2n — 2) -dimensional symplectic submanifold of (M, a). Then the orbit 
space M/T is a compact, connected, smooth, orientable orbisurface (2-dimensional orbifold) and 
the projection mapping tt: M Af/T is a smooth principal T-bundle for which the collection 
{(!Tx{T ■ x)Y''}xeM of symplectic orthogonal complements to the tangent spaces to the T-orbits 
is a flat connection. Let po be any regular point in M/T, 7r°* (M/T, po) be the orbifold funda- 
mental group, and M/T be the orbifold universal cover of M /T. Then the symplectic manifold 
(M, a) is T-equivariantly symplectomorphic to the associated bundle M/T Xt,oA(^m/t.po) T, where 
iT°*(^M/T, pq) acts on T by means of the monodromy homomorphism of the aforementioned flat 
connection. We will describe the symplectic form on this space, as well as the torus action, in 
Definition [2321 The T-action on this bundle comes from the T-action on M/T x T by translations 
on the right factor. Then we prove a precise version of the following, c.f. Theorem 14.33 1 
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Rough Classification 1.3. Symplectic actions of{2n — 2) -dimensional tori on compact connected 
symplectic 2n-manifolds for which at least one T -orbit is a {2n — 2) -dimensional symplectic sub- 
manifold are classified by a non-degenerate antisymmetric bilinear form on t( the restriction of 
a to the orbits), the Fuchsian signature of the orbit space M/T, which is a compact, connected 
orbisurface (and by this we mean the genus g of the underlying surface and the tuple of orders o of 
the orbifold singularities of M/T), the total symplectic area of M/T, and an element in T'^9+n jg 
which encodes the holonomy of the aforementioned fiat connection for it: M ^ M/T, where n is 
the number of orbifold singular points of M/T, and where Q is the group of matrices 

^■■={{^C ^ ) eGL(2(7 + n, Z)|AGSp(2(7, Z), DgA<S°}. (1.1) 

Here Sp(2(7, Z) stands for symplectic matrices and M.S°^for permutation matrices which preserve 
the tuple 6 of orbifold singularities of M/T. 

Moreover we show that if the T-action is free, then M is T-equivariantly diffeomorphic to the 
product M/T x T, equipped with the action of T by translations on the right factor. Thus two 
such symplectic manifolds are equivariantly diffeomorphic if and only if their corresponding orbit 
spaces are surfaces of the same genus. Using the rough classifications II .2[ II .31 as a stepping stone 
we obtain the following classification, a precise and explicit statement of which is Theorem 15.41 
(pp. 59). 

Rough Classification 1.4. Let (M, cr) be a compact connected ^-dimensional symplectic manifold 
equipped with an effective symplectic action of a 2-torus T. Then one and only one of the following 
cases occurs: 

1) (M, cr) is a A:- dimensional symplectic toric manifold, determined by its Delzant polygon. 

2) (M, a) is equivariantly symplectomorphic to a product x S^, where = (M/Z)^ and 
the first factor of acts on the left factor by translations on one component, and the second 
factor acts on S'^ by rotations about the vertical axis of S^. The symplectic form is a pos- 
itive linear combination of the standard translation invariant form on and the standard 
rotation invariant form on S'^. 

3) T acts freely on (M, cr) with all T-orbits being Lagrangian 2-tori, and it is classified in 
(rough) classification \1.2\ by a discrete cocompact subgroup P oft*, an antisymmetric bilin- 
ear mapping c : t* x t* ^ t which satisfies certain symmetry and integrality properties, and 
the so called holonomy invariant of a so called admissible connection for Mreg M^^g/T. 

4) T acts on (M, cr) with all T-orbits being symplectic 2-tori, and it is classified in (rough) 
classification U .3\ by an antisymmetric bilinear form cr' on t, the Fuchsian signature of M/T, 
the total symplectic area of M/T, and an element in T^"-+9 / where g is the genus of M/T, 
n is the number of singular points of M/T, and Q is the group given by ( lj.jp . 
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The paper is organized as follows. In Section 2 we describe models of {M, a) up to T- 
equivariant symplectomorphisms and up to T-equivariant diffeomorphisms. 

In Section 3 we classify free symplectic torus actions of a (2n — 2) -dimensional torus T on 2n- 
dimensional symplectic manifolds, when at least one T-orbit is a {2n — 2) -dimensional symplectic 
submanifold of (M, a), up to T-equivariant symplectomorphisms, c.f. Theorem l3.15l and also up 
to T-equivariant diffeomorphisms, c.f. Corollary 13. 16[ 

In Section 4 we extend the results in Section 3 to non-free actions. We only present those parts 
of the proofs which are different from the proofs in Section 3, and hence we suggest that the paper 
be read linearly between Section 3 and Section 5, both included. In turn this approach has the 
benefit that with virtually no repetition we are able to present the classification in the free case in 
terms of invariants which are easier to describe than in the general case. 

In Section 5 we provide a classification of symplectic actions of 2-dimensional tori on compact, 
connected, symplectic 4-dimensional manifolds. This generalizes the 4-dimensional Delzant's 
theorem [lOJ to non-Hamiltonian actions. 

There is extensive literature on the classification of Hamiltonian, symplectic and/or smooth 
torus actions. The papers closest to our paper in spirit are the paper ifTOI by Delzant on the clas- 
sification of symplectic-toric manifolds, and the paper by Duistermaat and the author Ifl2l on the 
classification of symplectic torus actions with coisotropic principal orbits. The following are other 
contributions related to our work. The paper [26J by Karshon on the classification of Hamiltonian 
circle actions on compact connected symplectic 4-manifolds. The book of Audin's [2J on Hamilto- 
nian torus actions, and Orlik-Raymond's [|4T1l and Pao's [|45l papers, on the classification of actions 
of 2-dimensional tori on 4-dimensional compact connected smooth manifolds - they do not assume 
an invariant symplectic structure. Kogan [30] studied completely integrable systems with local 
torus actions. Karshon and Tolman studied centered complexity one Hamiltonian torus actions in 
arbitrary dimensions in their article [281 and Hamiltonian torus actions with 2-dimensional sym- 
plectic quotients in ETl . McDuff [[36ll and McDuff and Salamon ll37l studied non-Hamiltonian 
circle actions, and Ginzburg [[T5l non-Hamiltonian symplectic actions of compact groups under 
the assumption of a "Lefschetz condition". Symington (50] and Leung and Symington Il31ll classi- 
fied 4-dimensional compact connected symplectic manifolds which are fibered by Lagrangian tori 
where the fibration may have have elliptic or focus-focus singularities. 

Acknowledgements. The author is grateful to professor Y. Karshon for moral and intellectual 
support throughout this project, and for comments on preliminary versions, which have enhanced 
the clarity and accuracy. 

He is grateful to professor J.J. Duistermaat for discussions, specifically on sections 2.4.4, 2.5, 
2.6, for hospitality on three visits to Utrecht, and for comments on a preliminary version. 

He thanks professor A. Uribe for conversations on symplectic normal forms, and professor P. 
Scott for discussions on orbifold theory, and helpful feedback and remarks on Section 4.2. He also 
has benefited from conversations with professors D. Auroux, D. Burns, P. Deligne, V. Guillemin, 
A. Hatcher, D. McDuff, M. Pinsonnault, R. Spatzier and E. Zupunski. In particular, E. Zupunski 
sat through several talks of the author on the paper and offered feedback. He thanks professor M. 
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Symington for the suggestion of the problemQ. Additionally, he thanks professor D. McDuff and 
professor P. Deligne for the hospitality during visits to Stony Brook and to IAS in the Winter of 
2006, to discuss the content of the article [12J, which influenced the presentation of some topics in 
the current article. He thanks Oberlin College for the hospitality during the author's visit (October 
2006-May 2007), while supported by a Rackham Predoctoral Fellowship. 

2 Global model 

Unless otherwise stated we assume throughout the section that (M, a) is a smooth compact and 
connected symplectic manifold and T is a torus which acts effectively on (M, a) by means of 
symplectomorphisms. We furthermore assume that at least one T-orbit is a dim T-dimensional 
symplectic submanifold of (M, a). 

2.1 The orbit space M/T 

We describe the structure of the orbit space M/T, c.f. Definition 12. 131 
2.1.1 Symplectic form on the T-orbits 

We prove that the symplectic form on every T-orbit of M is given by the same non-degenerate 
antisymmetric bilinear form. 

Let X be an element of the Lie algebra t of T, and denote by Xm the smooth vector field on M 
obtained as the infinitesimal action of X on M. Let cube a smooth differential form, let L^, denote 
the Lie derivative with respect to a vector field v, and let i„ u denote the usual inner product of u 
with V. Since the symplectic form a is T-invariant, we have that d{ixJ^.JO^) = Lxj,j cr = 0, where 
the first equality follows by combining d a = and the homotopy identity L^, = d oi„ + i^ od. The 
following result follows from [fT2l Lem. 2.1]. 

Lemma 2.1. Let (M, a) be a compact, connected, symplectic manifold equipped with an effective 
symplectic action of a torus T for which there is at least one T-orbit which is a dim T-dimensional 
symplectic submanifold of (M, a). Then there exists a unique non-degenerate antisymmetric bi- 
linear form cr' : t X t ^ M on the Lie algebra tofT such that 

a,{XM{x), Ym{x)) = a\X, Y), (2.1) 

for every X, Y E i and every x E M. 

Proof. In [fT2l Lem. 2. 1 ] it was shown that there is a unique antisymmetric bilinear form a' : t x t 
M on the Lie algebra t of T such that expression (12.11) holds for every X, Y E t, and every x E M. 
We recall the proof which was given in lfT2l . It follows from Benoiso [El Lem. 2. 1] that if u and v 

'The question treated in this paper was raised by professor M. Symington and was communicated to the author by 
professor Y. Karshon. 

^Although the observation was probably first done by Kostant. I thank Y. Karshon for making me aware of this. 
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are smooth vector fields on M such that L^cr = and L^cr = 0, then [u, v] = Hama.(„, t,) . Indeed, 
observe that 

i[u,v]cr = L„(i„a) = i„(d(i^a)) +d(i„(i^(T)) =d{a{u, v)). (2.2) 

Here we used Lucr = in the first equality, the homotopy formula for the Lie derivative in the 
second identity, and finally da = 0, the homotopy identity and L^a = in the third equality. 
Applying (|2.2I) to u = Xm, v = Ym, where X, F G t, we obtain that 

i[XAf,n/F = d(fT(XM, Ym)). (2.3) 
On the other hand, since T is commutative, 

[Xm,Ym] = -[X,Y]m = 0, (2.4) 

and hence [X, Y] = 0. Combining expression (12.31) with expression (12.41) . we obtain that the 
derivative of the real valued function x i-^ (7^(Xa/(x), Ym{x)) identically vanishes on M, which 
in virtue of the connectedness of M and the fact that cr is a symplectic form, implies expression 
(12.11) for a certain antisymmetric bilinear form cr' in t. Since there is a T-orbit of dimension dim T 
which is a symplectic submanifold of (M, a), the form a' must be non-degenerate. □ 

Remark 2.2 Each tangent space T,j.{T ■ x) equals the linear span of the vectors XMix), X E t. 
The collection of tangent spaces Ta.(T ■ x) to the T-orbits T ■ x forms a smooth dim T-dimensional 
distributiorH which is integrable, where the integral manifold through x is precisely the T-orbit 
T ■ X. Since the Xm, X G t, are T-invariant vector fields, the distribution H = {T^(T ■ x)}^gAf is 
T-invariant. Each element of if is a symplectic vector space. 

2.1.2 Stabilizer subgroup classification 

Recall that if M is an arbitrary smooth manifold equipped with a smooth action of a torus T, for 
each a; G M we write T^. := {t E T \ t ■ x = x} for the stabilizer subgroup of the action ofT on M 
at the point x. Tj.is a closed Lie subgroup of T. In this section we study the stabilizer subgroups 
of the action of T on (M, cr). 

In lfT2l Sec. 2], Duistermaat and the author pointed out that for general symplectic torus actions 
the stabilizer subgroups of the action need not be connected, which is in contrast with the symplec- 
tic actions whose principal orbits are Lagrangian submanifolds, where the stabilizer subgroups are 
subtori of T; such fact also may be found as statement (l)(a) in Benoist's article [i3i Lem. 6.7]. 

Lemma 2.3. Let T be a torus. Let (M, a) be a compact, connected, symplectic manifold equipped 
with an effective, symplectic action of the torus T, such that at least one T-orbit is a dim T- 
-dimensional symplectic submanifold of (M, a). Then the stabilizer subgroup of the T -action at 
every point in M is a finite abelian group. 

^Since T is a commutative group, the Lie brackets of Xm and Ym are zero for all X, F e t, which implies that 
T) is integrable, which in particular verifies the integrability theorem of Frobenius ||59l Th. 1 .60] for our particular 
assumptions (although we do not need it). 
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Proof. Let denote the Lie algebra of the stabilizer subgroup of the action of T on M at the 
point X. In the article of Duistermaat and the author lfT2l Lem. 2.2], we observed that for every 
X E M there is an inclusion t^. C kercr', and since by Lemma [2?T]o"' is non-degenerate, its kernel 
kercr' is trivial, which in turn implies that tx is the trivial vector space, and hence T^, which is a 
closed and hence compact subgroup of T, must be a finite group. □ 

Lemma 2.4. Let T be a torus. Let (M, a) be a compact, connected, symplectic manifold equipped 
with an effective, symplectic action of the torus T such that at least one T -orbit is a dim T- 
-dimensional symplectic submanifold of (M, a). Then every T -orbit is a dim T -dimensional sym- 
plectic submanifold of {M, a). 

Proof. Let x e M. Since the torus T is a compact group, the action of T on the smooth manifold 
M is proper, and the mapping 

t^t-x:T/Tx^T-x (2.5) 

is a diffeomorphism, c.f. [fT6l Appendix B] or [8, Sec. 23.2], and in particular, the dimension 
of quotient group T/T^ equals the dimension of the T-orbit T ■ x. Since by Lemma [23l each 
stabilizer subgroup is finite, the dimension of T/T^ equals dimT, and hence every T-orbit is 
dim T-dimensional. By Lemma[2yT]the symplectic form a restricted to any T-orbit of the T-action 
is non-degenerate and hence T ■ x is a symplectic submanifold of (M, a). □ 

Corollary 2.5. Let (M, a) be a compact connected symplectic manifold equipped with an effec- 
tive symplectic action of a torus T for which at least one, and hence every T-orbit is a dim T- 
-dimensional symplectic submanifold of (M, a). Then there exists only finitely many different 
subgroups ofT which occur as stabilizer subgroups of the action ofT on M, and each of them is 
a finite group. 

Proof. It follows from Lemma |23] that every stabilizer subgroup of the action of T on M is a finite 
group. It follows from the tube theorem, c.f. [| TT , Th. 2.4.1] or \\6u Th. B24] that in the case of a 
compact smooth manifold equipped with an effective action of a torus T, there exists only finitely 
many different subgroups of T which occur as stabilizer subgroups. □ 

If M is 4-dimensional and T is 2-dimensional we have the following stronger statement, which 
follows from the tube theorem, since a finite group acting linearly on a disk must be a cyclic group 
acting by rotations. 

Lemma 2.6. Let T be a 2-torus. Let (M, a) be a compact, connected, symplectic A-manifold 
equipped with an effective, symplectic action ofT, such that at least one, and hence every T-orbit 
is a 2-dimensional symplectic submanifold of{M, a). Then the stabilizer subgroup of the T-action 
at every point in M is a cyclic abelian group. 

2.1.3 Orbifold structure of M /T 

We denote the space of all orbits in M of the T-action by M/T, and by vr : M ^ M/T the 
canonical projection which assigns to each x E M the orbit T ■ x through the point x. The orbit 
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space is provided with the maximal topology for which the canonical projection tt is continuous; 
this topology is Hausdorff. Because M is compact and connected, the orbit space M/T is compact 
and connected. For each connected component C of an orbit type := {x E M \Tx = H} in 
M of the subgroup H of T, the action of T on C induces a proper and free action of the torus T/H 
on C, and tt{C) has a unique structure of a smooth manifold such that ir: C ^ ^(C*) is a principal 
T/if -bundle. The orbit space M/T is not in general a smooth manifold, c.f. Example 12. 8[ Our 
next goal is to show that the orbit space M/T has a natural structure of smooth orbifold. 

Example 2.7 [Free action] Let (M, cr) be the Cartesian product (M/Z)^ x S'^ equipped with the 
product symplectic form of the standard symplectic (area) form on the torus (M/Z)^ and the stan- 
dard area form on the sphere S"^. Let T be the 2-torus (M/Z)^, and let T act on M by translations 
on the left factor of the product. Such action of T on M is free, it has symplectic 2-tori as T- 
-orbits, and the orbit space M/T is equal to the 2-sphere S"^. Probably the simplest example of a 
4-dimensional symplectic manifold equipped with a symplectic action of a 2-torus for which the 
torus orbits are symplectic 2-dimensional tori is the 4-dimensional torus (M/Z)^ x (R/Z)^ with 
the standard symplectic form, on which the 2-dimensional torus (M/Z)^ acts by multiplications on 
two of the copies of R/Z inside of (M/Z)'^. The orbit space is a 2-dimensional torus, so a smooth 
manifold. 



Example 2.8 [Non-free action] Consider the Cartesian product S'^ x (R/Z)^ of the 2-sphere and 
the 2-torus equipped with the product symplectic form of the standard symplectic (area) form on 
the torus (R/Z)^ and the standard area form on the sphere S"^. The 2-torus (R/Z)^ acts freely 
by translations on the right factor of the product S'^ x (R/Z)^. Consider the action of the finite 
group Z/2 Z on 5"^ which rotates each point horizontally by 180 degrees, and the action of Z/2 Z 
on the 2-torus (R/Z)^ given by the antipodal action on the first circle. The diagonal action of 
Z/2 Z on 5^ X (R/Z) ^ is free and hence the quotient space 5^ X2/2Z (K/^)^ is a smooth manifold. 
Let (M, cr) be this associated bundle S'^ Xz/2Z (R/Z)^ with the symplectic form and T-actions 
inherited from the ones given in the product S*^ x (R/Z)^, where T = (R/Z)^. The action of T on 
M is not free and the T-orbits are symplectic 2-dimensional tori. The orbit space M/T is equal to 
S"^/ (Z/2 Z), which is a smooth orbifold with two singular points of order 2, the South and North 
poles of 5*2. 

There is no standard definition of orbifold, so we do not use terminology in orbifolds with- 
out clarifying or introducing it. Following largely but not entirely Boileau-Maillot-Porti ||6l 
Sec. 2.1.1], we define orbifold. We also borrow from ideas in Satake [46], PTTI and Thurston 
ll54l . Our definition of orbifold is close to that in Haefliger's paper [20, Sec. 4]. Unfortunately 
Haefliger's paper does not appear to be so well known and is frequently not given proper credit. I 
thank Y. Karshon for making me aware of this. 

Definition 2.9 A smooth n-dimensional orbifold C is a metrizable topological space \0\ en- 
dowed with an equivalence class of orbifold atlases for O. An orbifold atlas for (9 is a collection 
{(f/j, (7j, (pi, Ti)}i(zi where for each i e I,Ui is an open subset of O, Ui is an open and connected 
subset of R", (f)i : Ui Ui is a continuous map, called an orbifold chart, and Fj is a finite group of 
diffeomorphisms of Ui, satisfying: 
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i) the Ui's cover O, 

ii) each 0j factors through a homeomorphism between f/j/Fj and f/j, and 

iii) the charts are compatible. This means that for each x E Ui and y E Uj with = 4>j{y), 
there is a diffeomorphism ^/^ between a neighborhood of a; and a neighborhood of y such that 
(j)j(tp{z)) = (j)i{z) for all z in such neighborhood. 

Two orbifold atlases are equivalent if their union is an orbifold atlas. If x E Ui, the local group 
of O at a point x E O h the isomorphism class of the stabilizer of the action of Fj on Ui at the 
point 0j~^(a;). A point x E O h regular if F^. is trivial, and singular otherwise. The singular locus 
is the set So of singular points of O. We say that the orbifold O is compact (resp. connected) if 
the topological space \0\ is compact (resp. connected). An orientation for an orbifold atlas for O 
is given by an orientation on each Ui which is preserved by every change of chart map if) as in part 
iii) above. The orbifold O is orientable if it has an orientation. 



Remark 2.10 One can replace metrizable in Definition 
weaker condition, it suffices for our purposes. 



by Hausdorff which although is a 



By the tube theorem, c.f. [El Th. 2.4.1], ^ Th.B24] for each x E M there exists a T- 
-invariant open neighborhood U^ of the T-orbit T ■ x and a T-equivariant diffeomorphism 
from Ux onto the associated bundle T Xq-^ D^, where is an open disk centered at the origin 
in M*' = C'^/^, where k := dimM — dimT, and acts by linear transformations on D^. The 
action of T on T x-j;, is induced by the action of T by translations on the left factor of T x D^. 
Because is a T-equivariant diffeomorphism, it induces a homeomorphism on the quotient 
$a: : Dx/Tx ^ tt{Ux), and there is a commutative diagram of the form 



Tx 



■Txt^Dx- 

Px 

■^Dx/Tx- 



■Ux 



(2.6) 



'n{Ux) 



where vr^, vr^, px are the canonical projection maps, and ix is the inclusion map. Let 

0x := $x o TT^. 

The word lift in Lemma [2.111 below is used in the sense that 

TTr' o i' o F = / o vTr o i 

where i: D ^ T x D, i: D' ^ T x D' are the inclusion maps and nr: T x D 
TTr' : T X D' ^ T Xyi D' are the canonical projections. 



(2.7) 

(2.8) 

T xr D, 



Lemma 2.11. Let T be a torus. Let F, F' be finite subgroups ofT respectively acting linearly on 
F, V -invariant open subsets D, D' C M™. Let z E D, z' E D'. LetT, T'actonTx D, T x D', 
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respectively, by the diagonal action, giving rise to smooth manifolds Tx-^D and Tx^'D' equipped 
with the T -actions induced by the action ofT by left translations onTxD, Tx D', respectively. Let 
f : T Xy D ^ T Xy' D' be a T-equivariant diffeomorphism such that f{T ■ [1, z]y) = T ■ [1, z']y'- 
Then there exist open neighborhoods U G D of z, and U' C D' of z', and a diffeomorphism 
F : U —>■ U' which lifts f as in A2.8\) and such that F{z) = z'. 

One can obtain Lemma [2.1 ll applying the idea of the proof method of \i22. Lem. 23] by replac- 
ing the mapping / : W'/T U' /V therein hy f : T Xy D ^ T Xy' D' . 

Proposition 2.12. Let T be a torus. Let (M, a) be a compact, connected, symplectic manifold 
equipped with an effective, symplectic action of the torus T for which at least one, and hence every 
T-orbit, is a dvaiT -dimensional symplectic submanifold of {M, a). Then the collection of charts 

A := {(7r(f/,.), D,, ^„ T,)},eM (2.9) 

is an orbifold atlas for the orbit space M/T, where for each x E M the mapping (p^ is defined by 
expression M. 71) . and the mappings (^x^ tt^ are defined by diagram d2.(5D . 

Proof. Because x E U^, we have that \JxeM Ux = M, so the collection {Ti{Ux)}xeM covers M/T. 
Since is open, 7r(f/^.) is open, for each x G M. Let k := dim M — dimT. By Lemma [23] 
the stabilizer group is a finite group of diffeomorphisms. The disks D^, x G M, given by 
the tube theorem, are open subsets of M'^, since is a 0-dimensional subgroup of T. Because 
it is obtained as a composite of continuous maps, (px in (12.71) is continuous and it factors through 
^x'- Dx/Tx T^{Ux), which is the homeomorphism on the bottom part of the right square of 
diagram (12.61) . 

It is left to show that the mappings (j)x, (f)y, where x, y E M, are compatible on their overlaps. 
Indeed, pick z E Dx, z' E Dy and assume that 

Mz) = M^')- (2.10) 

Let Uz be an open neighborhood of z such that ^x{Uz/Tx) is contained in nCUx) H i^{Uy). Let 
Uz' C Dy be the unique open subset of Dy such that {^y)^^{^x{Uz/Tx)) = Uz'/Ty. Then the 
composite map 

^xy := {%r' o Uz/Tx ^ Uz'/Ty (2.11) 

is a homeomorphism which by (12.101) satisfies 

^x,(NtJ = [z']t,. (2.12) 

Since by the tube theorem the mappings ^x- T Xt^ Dx ^ Ux and ^y-. T x^^ Dy ^ Uy are T- 
equivariant diffeomorphisms, and by definition of p^, Py we have that {px)^^{Uz/Tx) = T x^^ Uz 
and {py)^^{Uz' /Ty) = T Xj-^Uz', the composite map 

^xy := {%r^ o^,:Txt^Uz^T x^^ Uz', (2.13) 
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is a T-equivariant diffeomorphism. By the commutativity of diagram (12.61 ). the map "^^y lifts the 
map Then by (12.121 ). we have that 

vl>,,(T-[l, z]Tj = r-[l, z']t„, (2.14) 

where - T x ^ T Xx^ D^, TXy-. T x Dy ^ T x^y Dy are the canonical projection maps. 
Then the map in (12.131) is of the form in Lemma [2.1 H and we can use this lemma to conclude that 
^xy lifts to a diffeomorphism ip^y '■ Wz — > Wz', where Wz C Uz C D^, and Wz' C Uz' C Dy are 
open neighborhoods of z, z' respectively, and 

^.y{z) = z'. (2.15) 

Because the map (12.131) lifts the map (|2.1 II) . the diffeomorphism ip^y lifts the restricted homeo- 
morphism ■ Wz/T^ Wz'/Ty induced by (ITTT]) . Then by (lO) . 

4>x°i^xy = 4>y (2.16) 

on Wz- Expressions (12.151) and (|2.16l) and precisely describe the compatibility condition of the 
charts (f)^, 4>y on their overlaps. □ 

Definition 2.13 Let T be a torus. Let (M, a) be a compact, connected, symplectic manifold 
equipped with an effective, symplectic action of T for which at least one, and hence every T- 
-orbit is a dim T-dimensional symplectic submanifold of (Af, a). We call A the class of atlases 
equivalent to the orbifold atlas A defined by expression (12.91 ) in Proposition 12. 121 We denote the 
orbifold M/T endowed with the class A by M /T, and the class A is assumed. 

Remark 2.14 Since M is compact and connected, M/T is compact and connected. If dimT = 
2n — 2, M/T is a compact, connected orbisurface. If the T action is free, then the local groups 
Tx in Definition 12.131 are all trivial, and M/T is a compact connected surface determined up to 
diffeomorphism by a non-negative integer, its topological genus. 

Moreover, since every T-orbit is a dim T-dimensional symplectic submanifold of (M, a), the 
action of the torus T on M is a locally free and non-Hamiltonian action. Indeed, by Lemma [23l 
the stabilizers are finite, hence discrete groups. On the other hand, if an action is Hamiltonian the 
T-orbits are isotropic submanifolds, so the T-action cannot be Hamiltonian. 



2.2 A flat connection for the projection M M/T 

In this section we prove that the projection tt : M — > M/T onto the orbifold M/T (c.f. Proposition 
12. 121 and Definition l2.13l) is a smooth principal T-orbibundle. For such orbibundle there are notions 
of connection, and of flat connection, which extend the classical definition for bundles. Then we 
show that TT : M — i> M/T comes endowed with a flat connection (c.f. Proposition l2.12l) . 

Let O, O' be smooth orbifolds. An orbifold diffeomorphism / : C ^ is a is a homeomor- 
phism at the level of topological spaces \0\ \0'\ such that for every x E O there are charts 
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(pi'. Ui — > Ui, X e Ui, and 0^ : Uj Uj such that /(f/j) C Uj and the restriction f\u. may be 
lifted to a diffeomorphism f : Ui U'- which is equivariant with respect to some homomorphism 

r ■ ^ r'- 

Definition 2.15 Let T be a torus, let (X, u;) be a compact, connected symplectic manifold en- 
dowed with an effective symplectic action of T for which at least one, and hence every T-orbit is 
a dim T-dimensional symplectic submanifold of (X, uj). Equip X/T with the orbifold structure in 
Definition 12. 131 Let F be a smooth manifold equipped with a smooth effective action of T. 

A continuous surjective map p: Y X/T is a smooth principal T-orbibundle if the action of 
T on F preserves the fibers of p and acts freely and transitively on them, and for every z E X/T 
the following holds. Let 7r([4), D^, (p^, T^ as in (I2.9I ). For each x E X for which z E i^{Ux) 
there exists a T^j-invariant open subset of Dr^ and a continuous map tp^: T x ^ Y which 
induces a diffeomorphism between T Xj-^ and p~^{(f)x{Ux)) such that p o ip^ = cp^ o tti, where 
Hi : T X ^ is the canonical projection. Here T^ acts on T x f/^. by the diagonal action. 

A connection for p: Y ^ X/T is a smooth vector subbundle H of the tangent bundle T Y with 
the property that for each y E Y , Hy is a direct complement in Ty Y of the tangent space to the 
fiber of p that passes through y. We say that the connection H is flat with respect to p: Y X/T 
if the subbundle H cTY is integrable considered as a smooth distribution on Y. 



Remark 2.16 Let p: Y X/T be a smooth principal T-orbibundle as in Definition 12. 15[ Then 
for every y E Y there are charts (pi: Ui ^ Ui ofY,yE U, and (p'j : f/j f/j of X/T, such that 

p{Ui) C Uj and the restriction may be lifted to a smooth map Ui f/j. 

If the local group T^ is trivial for all x E X/T, the action of T on X is trivial and X/T is a 
smooth manifold. Then the mapping p: X ^ X/T is a smooth principal T-bundle, in the usual 
sense of the theory of fiber bundles on manifolds, for example c.f. [|49l . We also use the term 
T-bundle instead of T-orbibundle. 



Proposition 2.17. Let (M, a) be a compact connected symplectic manifold equipped with an ef- 
fective symplectic action of a torus T for which at least one, and hence every T-orbit is a dim T- 
-dimensional symplectic submanifold of {M ^ a). Then the collection Q = {^Ix}x&m of subspaces 
Qx C Tx M, where the a^-orthogonal complement to TxiT ■ x) in Tx M, for every x E M, 
is a smooth distribution on M. The projection mapping n: M —>■ M/T is a smooth principal 
T-bundle of which Q is a T -invariant flat connection. 

Proof. For each x E M letUx = Dx, where Ux, Dx are as in Definition Definition 12. 15[ Let 

i,x{t, z) := z]tJ, 

where ipx is also the map in the definition. With these choices of Ux,^x, by diagram (12.61) and by 
construction of the orbifold atlas on M/T, c.f. Proposition l2.12l and Definition l2.13l the projection 
mapping vr: M — > M/T is a smooth principal T-orbibundle. Because the tangent space to each 
T-orbit (T^(T ■ x), a\T^{T-x)) is a symplectic vector space, its symplectic orthogonal complement 
{ilx, o'ln^) is a symplectic vector space. Here (t\q^, a\'r^{T-x) are the symplectic forms respectively 
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induced by a on Q^, Tx(T ■ x). Consider the disk bundle T Xrp^ where acts by induced 
linearized action on and on T x 1]^ by the diagonal action. The translational action of T on the 
left factor of T x ^2^. descends to an action of T on T x^^^ ^l^. There exists a unique T-invariant 
symplectic form a' on T x^-^ such that if tt' : T x fi^, ^ T x^^ fi^^ is the canonical projection, 

tt'V = o-|t,(t.x) © (2.17) 

where a\T^(T-x) ® o-\q^ denotes the product symplectic form on T x l^a,. Then by the symplectic 
tube theorem of Benoist [3, Prop. 1.9], Ortega and Ratiu ll42l and Weinstein, which we use as it 
was formulated in [fT2l Sec. 11], there exists an open neighborhood D of E Q^, an open T- 
invariant neighborhood f/ of x in M, and a T-equivariant symplectomorphism ^ : T D ^ U 
with $([1, 0]t^) = X. By T-equivariance, $ maps the zero section of T x^^ to the T-orbit 
T ■ X through x. It follows from (12.171) that the symplectic-orthogonal complement to such section 
in T Xt^ ^l^ is precisely the (dimM — dim T) -dimensional manifold 7r'({l} x and hence, 
since $ is a T-equivariant symplectomorphism, the image ^{tc' {{1} x Vl^)) is an integral manifold 
through X of dimension dim M — dim T, so {i^x}xeM is a T-invariant integrable distribution. □ 

We can formulate Proposition l2. 17l in the language of foliations as follows. 

Corollary 2.18. Let (M, a) be a compact connected symplectic manifold equipped with an effec- 
tive symplectic action of a torus T for which at least one, and hence every T-orbit is a dim T- 
-dimensional symplectic submanifold of (M, a). Then the collection of integral manifolds to the 
symplectic orthogonal complements to the tangent spaces to the T -orbits, c.f Proposition 12. 1 71 is 
a smooth T-invariant (dim M — dim T) -dimensional foliation of M. 

2.3 Symplectic Tube Theorem 

It is convenient to state the the symplectic tube theorem used in the proof of Proposition 12. 171 in a 
more standard way by replacing Vtx by C" and a^"" by a'''" , respectively, where m = 1/2 (dim M— 
dim T). Indeed, write i := E C and let cr"-"'" be the symplectic form on C™ 

m 

a^'" :=^di^Ad^V2i. (2.18) 

i=i 

Because Vl^ is a symplectic vector space, it has a symplectic basis with 2m elements which 
induces a direct sum decomposition of il^ into m mutually crlf^^ -orthogonal two-dimensional lin- 
ear subspaces Ej. The stabilizer group T^. acts by means of symplectic linear transformations on 
the symplectic vector space ^l^, and the aforementioned symplectic basis can be chosen so that 
Ej is T^-invariant. Averaging any inner product on each Ej over T^, we obtain an T^j-invariant 
inner product Pj on Ej, which is unique if we also require that the symplectic inner product of 
any orthonormal basis with respect to is equal to ±1. This leads to the existence of a unique 
complex structure on Ej such that, for any unit vector ej in {Ej, jSj), we have that ej, iej is an 
orthonormal basis in {Ej, jSj) and cr|n^(ej, i ej) = 1. This leads to an identification of Ej with C, 
and hence of ^l^ with C™, with the symplectic form defined by (|2.18l) . The element c E T™ acts 
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on C™ by sending z E to the element c ■ z such that (c ■ zY = z^ for every I < j < m. 
There is a unique monomorphism of Lie groups l : T™ such that h E acts on Vt^ = 

by sending ^ G C" to • 2;, hence Tj, acts on T x C" by 

2) = (/i^H, (2.19) 

Consider the disk bundle T x^^ C™ where acts by (I2.19I ). The translational action of T 
on T X C™ descends to an action of T on T Xj-^ C™. By Lemma [ZTl the antisymmetric bilinear 
form 0"' : t X t ^ M is non-degenerate and hence it determines a unique symplectic form on 
T. In view of this, cr|Ta:(T a) = cr* in the proof of Proposition 12.171 does not depend on a; G M. 
The product symplectic form cr^ © cr'^'" descends to a symplectic form on T x^^ D. With this 
terminology the proof of Proposition 12 . 1 7] implies the following. 

Corollary 2.19 (Tube theorem for symplectic orbits). Let (M, a) be a compact, connected, sym- 
plectic manifold equipped with an effective symplectic action of a torus T for which at least one, 
and hence every T -orbit is a dimT -dimensional symplectic submanifold of{M, a). Then there is 
an open T"^ -invariant neighborhood DofOE C™, an open T -invariant neighborhood U of x in 
M, and a T-equivariant symplectomorphism ^ : T D U with $([1, 0]t^) = x. 

In Corollary 12. 191 the product symplectic form is defined pointwise as 

(a^ © a^'")(,,,)((X, u), {X', u')) = a\X, X') + u'). 

Here we identify each tangent space of the torus T with the Lie algebra t of T and each tangent 
space of a vector space with the vector space itself. 

2.4 From Local to Global 

We prove the main theorem of Section 2, Theorem l2.36l which gives a model description of (M, a) 
up to T-equivariant symplectomorphisms. 

2.4. 1 Orbifold coverings of M/T 

We start by recalling the notion of orbifold covering. 

Definition 2.20 [6, Sec. 2.2] A covering of a connected orbifold C is a connected orbifold O 
together with a continuous mapping p: O ^ O, called an orbifold covering map, such that every 
point X E O has an open neighborhood U with the property that for each component V of p^^{U) 
there is a chart (f): V V of O such that p o is a chart of O. Two coverings pi: Oi 
O, p2- C2 ^ O are e^Miva/en? if there exists a diffeomorphism / : Oi — > O2 such that ^2°/ = Pi- 
A universal cover of O is a covering p: O ^ O such that for every covering q: O ^ O, there 
exists a unique covering r: O ^ O such that q o r = p. The deck transformation group of a 
covering p: O' ^ O is the group of all self-diffeomorphisms f : O' ^ O' such that p o f = p, 
and it is denoted by Aut((9', p) . 
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Remark 2.21 Assuming the terminology introduced in Definition 12.201 the open sets [/, V 
equipped with the restrictions of the charts for O, O, are smooth orbifolds, and the restriction 
p: V ^ U is an orbifold diffeomorphism. 



Lemma 2.22. Let (M, cr) be a compact connected symplectic manifold equipped with an effec- 
tive symplectic action of a torus T for which at least one, and hence every T -orbit is a dim T- 
-dimensional symplectic submanifold of M , and let x G M. Let n: M M/T be the canonical 
projection, and let be the maximal integral manifold of the distribution of symplectic orthog- 
onal complements to the tangent spaces to the T -orbits which goes through x ( c.f Proposition 
\2.17]) . Then the inclusion i^.: 1^. M is an injective immersion between smooth manifolds and 
the composite vr o z^. : Xj. — M/T is an orbifold covering map. 

Proof. Since is a smooth distribution, the maximal integral manifold in injectively immersed 
in M, c.f. [EH Sec. 1]. Letp e M/T, let x e tt-\{p}). Then (tt o Q-\{p}) = T ■ x n J^.. By 
Corollary 12. 191 there is an open T™ -invariant neighborhood D^. of G C™, an open T-invariant 
neighborhood f/^ of x in M, and a T-equivariant symplectomorphism : T Xq--, ^ Ux with 
0]tJ = X. For each t eT, let the mapping px{t) : T Xj-^ be given by 

Px{t){z) = [t, z]t^. (2.20) 

Since (tt o c T ■ x, there exists a collection C := {tfc} C T such that (tt o = 

{tk ■ x\tk E C}. Since D^. is an open neighborhood of G -D^ and $^ is a T-equivariant sym- 
plectomorphism, the image <l>x(Im(Px(^fc))) is an open neighborhood of ■ a; in X^., and the image 
Vp := 7r(f/^ n Ix) is an open neighborhood of p G M/T. Let V{tk ■ x) := $2:(Im(p^(tfc)). For 
each tfc G C, the set V{tk ■ x) is a connected subset of X^, since $s and px are continuous. Each 
connected component K of Ux Ci Ix is of the form K = V{tk ■ x) for a unique tk G C. By the 
commutativity of diagram (12.61 ). the composite mapping 

^xopxih): Dx^Vih-x) Clx (2.21) 

is a homeomorphism and hence a chart for Xj. around tk ■ x, for each G C. Since for each tk E C 
we have that -K{V{tk ■ x)) = Vp, the mapping 

ipx ■= (vr o ix) o {^x o Px(l)) ■■ Dx^Vp 

is onto. Moreover, ipx is smooth and factors through the homeomorphism : Dx/Tx Vp, and 
hence it is an orbifold chart for M/T around p. The definitions of the maps in ( 12.61) imply that 
T^{V{tk ■ x)) = Vp for all tk E C. The T-equivariance of ^x and (12.201) imply that (tt o ix) o ($^. o 
pxifk)) = 4'x- for all tk E C. By taking the neighborhood Vp around p the map tt o is an orbifold 
covering as in Definition 12.201 where therein we take U := Vp, and the charts in (12.211) as charts 
forX^. □ 

We will see in Section 2.4.2. that the map n oix'm Lemma [2.22l respects the symplectic forms, 
where the form on Ix is the restriction of a, and the form on M /T is the natural symplectic form 
that we define therein. 

Remark 2.23 Let M be an arbitrary smooth manifold. It is a basic fact of foliation theory ||59l 
Sec. 1] that in general, the integral manifolds of a smooth distribution D on M are injectively 
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immersed manifolds in M, but they are not necessarily embedded or compact. For example the 
one-parameter subgroup of tori {(t, At) + G M^/Z^ 1 1 E M}, in which the constant A is an 
irrational real number. This is the maximal integral manifold through (0, 0) of the distribution 
which is spanned by the constant vector field (1, A), and it is non-compact. 

It is an exercise to verify that if Ix is a maximal integral manifold of a smooth distribution D 
which passes through x, then must contain every end point of a smooth curve 7 which starts 
at X and satisfies the condition that for each t its velocity vector d7(t) / dt belongs to D^(^t), and 
conversely each such end point is contained in an integral manifold through x. Therefore is the 
set of all such endpoints, which is the unique maximal integral manifold through x. It remains is 
to show that this set is an injectively immersed manifold in M. This is one of the basic results 
of foliation theory, c.f. ||59l Sec. 1]. In Remark 12.371 we give a self-contained proof of this fact for 
the particular case of our orbibundle n : M ^ M/T in Proposition 12. 171 

Next we define a notion of orbifold fundamental group that extends the classical definition for 
when the orbifold is a manifold. The first difficulty is to define a "loop in an orbifold", which 
we do mostly but not entirely following Boileau-Maillot-Porti [|6l Sec. 2.2.1]. The definitions for 
orbifold loop and homotopy of loops in an orbifold which we give are not the most general ones, 
but give a convenient definition of orbifold fundamental group, which we use in the definition of 
the model for (M, a) in Definition [2321 

Definition 2.24 An orbifold loop a : [0, 1] ^ (9 in a smooth orbifold O is represented by: 

• a continuous map a : [0, 1] ^ |(9| such that a{0) = a(l) and there are at most finitely many 
t such that a{t) is a singular point of O, 

• for each t such that a{t) is singular, a chart (p: U ^ U, a{t) E U, a neighborhood V{t) of 
t in [0, 1] such that for all u E V{t) \ {t}, a{u) is regular and lies in U, and a lift a\v(t) of 
a\v(t) to U. We say that a| v(t) is a local lift of a around t. 

We say that two orbifold loops a, a' : [0, 1] ^ O respectively equipped with lifts of charts a'j 
represent the same loop if the underlying maps are equal and the collections of charts satisfy: for 
each t such that a'{t) = a{t) E Uif] Uj is singular, where f/j, t/j are the corresponding charts 
associated to t, there is a diffeomorphism between a neighborhood of ai{t) and a neighborhood 
of such that 'ip{ai{s)) = a'j{s) for all s in a neighborhood of t and (p'j o tp = <pn. 

In Definition |2.24[ if C is a smooth manifold, two orbifold loops in O are equal if their under- 
lying maps are equal. 

Definition 2.25 Let 7, A: [0, 1] — C be orbifold loops with common initial and end point in a 
smooth orbifold O of which the set of singular points has codimension at least 2 in O. We say that 
7 is homotopic to A with fixed end points if there exists a continuous map H : [0, 1] \0\ such 
that: 

• for each (t, s) such that H{t, s) is singular, there is a chart (p: U ^ U, H(t, s) E U, 
a neighborhood V{t, s) of (t, s) in [0, Ij^such that for all {u,jj) E V{tj^s) \ {{t, s)}, 
H{u, v) is regular and lies in U, and a lift H\v{t,s) of H\v{t,s) to U . We call H\v{t,s) a local 
homotopy lift of H around (t, s). 
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• the orbifold loops t i-^ H{t, 0) and t i-^ H{t, 1) from [0, 1] into O respectively endowed 
with the local homotopy lifts H\v(t,o), H\v(t,i) of H for each t E [0, 1], are respectively 
equal to 7 and A as orbifold loops, c.f. Definition 12 .241 

• H fixes the initial and end point: H{0, s) = H{1, s) = 7(0) for all s G [0, 1]. 



The assumption in Definition 12.251 on the codimension of the singular locus of the orbifold 
always holds for symplectic orbifolds, so such requirement is natural in our context, since the 
orbifold which we will be working with, the orbit space M/T, comes endowed with a symplectic 
structure. From now on we assume this requirement for all orbifolds. 

Definition 2.26 [6, Sec. 2.2.1] Let C be a connected orbifold. The orbifold fundamental group 
7r°*(C, xq) ofO based at the point Xq as the set of homotopy classes of orbifold loops with initial 
and end point point Xq with the usual composition law by concatenation of loops, as in the classical 
sense. The set 'K'f°{0, xq) is a group, and a change of base point results in an isomorphic group. 

It is a theorem of Thurston, c.f. fE, Th. 2.5], that any connected smooth orbifold O has a unique 
up to equivalence orbifold covering O which is universal and whose orbifold fundamental group 
based at any regular point is trivial, so this definition of universal covering extends to smooth 
orbifolds the classical definition for smooth manifolds. Next we exhibit a construction, which is 
analogous to the construction of the universal cover of a generic orbifold, of such covering for the 
case O = M/T. 

Let Xq e M, write po = 7r(xo) G M/T. By Proposition 12J2| the orbit space M/T is a 
compact connected and smooth (dimM — dim T) -dimensional orbifold. For each p E M/T, let 

M/Tp denote the space of homotopy classes of (orbifold) paths 7: [0, 1] — > M/T which start at 
Po and end at p. Let M/T denote the set-theoretic disjoint union of the spaces M/T^, where p 
ranges over the orbit-space M/T. Let 7/^ be the set-theoretic mapping M/T — > M/T which 
sends M/T^ to p. As every smooth orbifold, the orbit space M/T has a smooth orbifold atlas 
{(f/j, f/j, 0j, Vi)}iizi in which the sets f/j are simply connected. Pickpj E Ui, let jFj be the fiber of 
ijj over and let Xi be a point in jFj, for each i E I. Let x E Ui, y E J^i, choose E ip^^iPi) and 
choose a path A in Ui from qi to x, and let A := 0i(A) equipped with the lift A at each point, which 
is an (orbifold) path in U such that A(0) = pi. By definition, the element y is a homotopy class 
of (orbifold) paths from pq to pi. Let 7 be a representative of y, and let a be the (orbifold) path 
obtained by concatenating 7 with A, where a travels along the points in 7 first. Since Ui is simply 
connected, the homotopy class of a does not depend on the choice of 7 and A, and we define the 
surjective map y) := [a] from the Cartesian product U x jFj to ip~^{Ui). Equip each fiber 
jFj with the discrete topology and the Cartesian product Ui x jFj with the product topology. Then 
ip induces a topology on ^^^(Ui) whose connected components are the images of sets of the form 
Ui X {y} and we set (f/j x {y}, '^il^^ xfy})' ^ ^ ^ ^ orbifold charts for an orbifold atlas 

for M/T. The pair (M/T, ip) endowed with the equivalence class of atlases of the orbifold atlas 
for M/T whose orbifold charts are (Ui x {y}, ipilfj.^r 1), y E J^i, i E I, is a. regular and universal 
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orbifold covering of the orbifold M/T called the universal cover of M/T based atpo, and denoted 
simply by M/T, whose orbifold fundamental group 7r°* (M/T, po) is trivial. 

2.4.2 Symplectic structure on M/T 

We prove that M/T comes endowed with a symplectic structure. A (smooth) differential form to 
(resp. symplectic form) on the smooth orbifold O is given by a collection {uji} where u)i is a Fj- 
invariant differential form (resp. symplectic form) on each Ui and such that any two of them agree 
on overlaps. Here the notion of "agreeing on overlaps" can be made precise as follows: for each 
X E Ui and y E Uj with = (f)j{y), there is a diffeomorphism ^ between a neighborhood of x 
and a neighborhood of y such that (f)j(^(z)) = (j)i{z) for all z in such neighborhood and il)*ujj = uJi. 
A symplectic orbifold is a a smooth orbifold equipped with a symplectic form. 

Remark 2.27 Let be a differential form on an orbifold O, and suppose that oj is given by a 
collection {cDj} where uJi is a Fj-invariant differential form (resp. symplectic form) on each f/j. 
Because the tD/s which define it are Fj-invariant and agree on overlaps, uj is uniquely determined 
by its values on any orbifold atlas for O even if the atlas is not maximal. 

If /: 0' — C is an orbifold diffeomorphism, the pull-back of a differential form to on O is 
the unique differential form lo' on O' given by f*u)i on each chart f^^{Ui); we write to' := f*uj. 
Analogously we define the puUback under a principal T-orbibundle p: Y ^ X/T as in Definition 
12.151 of a form uj on X/T, where the maps p are given in Remark [2. 161 

Lemma 2.28. Let (M, cr) be a compact, connected, symplectic manifold equipped with an effective 
(resp. free) symplectic action of a torus T for which at least one, and hence every T -orbit is a 
symplectic dimT -dimensional submanifold of{M, cr). Then there exists a unique 2-form v on the 
orbit space M/T such thatv:*v\^^ = cr|n^/or every x E M, where {Qsc}xeM is the distribution on 
M of symplectic orthogonal complements to the tangent spaces to the T -orbits, and tx: M ^ M/T 
is the projection map, c.f Proposition 12. 1 71 Moreover, the form v is symplectic, and so the pair 
{M/T, v) is a compact, connected symplectic orbifold (resp. manifold). 

Proof. By Corollary |2.19[ for each x E M there is a T-invariant neighborhood Ux of the T-orbit 
T ■ X and a T-equivariant symplectomorphism from onto T x-^^ with the symplectic 

form 0"^ © cr*^™. As in Proposition 12. 121 the collection of charts {(n^Ux), D^, (px, Tx)} given by 
expression (in the general definition of smooth orbifold Ui = Dx, Ui = vr(f4)) (12.91) is an orbifold 
atlas for the orbit space M/T, which is equivalent to the one given in Proposition 12.121 and hence 
defines the orbifold structure of M/T given in Definition |2.13[ Because by Remark [2. 27 1 it suffices 
to define a smooth differential form on the charts of any atlas of our choice, the collection {h'x}xeM 
given hy Vx '■= cr^"^ defines a unique smooth differential 2-form on the orbit space M/T. Because 
cr^"' is moreover symplectic, each z/^ is a symplectic form, and hence so is u on M/T. □ 

We say that two symplectic orbifolds (Oi, ui), (O2, 1^2) are symplectomorphic if there is an 
orbifold diffeomorphism / : Oi (92with/*z/2 = ui. f is called an orbifold symplectomorphism. 
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Lemma 2.29. Le? (M, a), (M', a') be compact connected symplectic manifolds equipped with an 
ejfective (resp. free) symplectic action of a torus T for which at least one, and hence every T-orbit 
is a dimT -dimensional symplectic submanifold of {M, a) and (M', a'), respectively. Suppose 
additionally that (M, a) is T -equivariantly symplectomorphic to (M', a'). Then the symplectic 
orbit spaces {M/T, u) and {M'/T, u') are symplectomorphic. 

Proof. By Lemma every T-orbit is a dim T-dimensional symplecdc submanifold of (M', a'). 
Indeed, assume that $ is a T-equivariant symplectomorphism from the symplectic manifold (Af, a) 
to the symplectic manifold (M', a'). Because the mapping $ is T-equivariant, it descends to an 
orbifold diffeomorphism $ from the orbit space M/T onto the orbit space M'/T. Because of 
the definition of the connections and of fi' for the orbibundle projections tt : M — > M'/T and 
n' : M' M'/T respectively, as the connections given by the symplectic orthogonal complements 
to the tangent spaces to the T-orbits, we have that = fi. 

Since by Lemma l2.28l the symplectic forms u on M/T and u' on M'/T are respectively induced 
by the projections tt and tt', and both = f2 and $*cr' = a, we have that ^*ij' = u and therefore 
$ is an orbifold symplectomorphism between [M/T, v) and [M'/T, u'). □ 

We use the notation oj for the integral of the differential form uj on the orbifold C. If (O, u;) 
is a symplectic orbifold, the integral to is known as the total symplectic area of{0, lu). 

Remark 2.30 Under the assumptions of Lemma [2.29l if dim T = dim M — 2, then the total sym- 
plectic area of the symplectic orbit space (M/T, v) equals the total symplectic area of (M'/T, u'). 
Moreover, recall that by the orbifold Moser's theorem BSi, Th. 3.3], if (M, a), (M', a') are any 
symplectic manifolds equipped with an action of a torus T of dimension dim T = dim M — 2, 
for which at least one and hence every T-orbit is a dim T-dimensional symplectic submanifold 
of (M, a), and such that the symplectic area of the orbit space {M/T, u) equals the symplectic 
area of the orbit space {M'/T, u'), and the Fuchsian signature of the orbisurfaces M/T and M'/T 
are equal, then {M/T, u) is T-equivariantly (orbifold) symplectomorphic to {M'/T, u'); we em- 
phasize that this is the case because the orbit spaces M/T and M'/T are 2-dimensional, so their 
genus determines their diffeomorphism type. This result is used in the proof of Theorem 13.151 and 
Theorem 14331 



2.4.3 Model of (M, a): definition 

In the following definition we define a T-equivariant symplectic model for (M, a) : for each regular 
point po E M/T we construct a smooth manifold Afmodei.po' ^ T-invariant symplectic form a^odei 
on A<fn,odei,po' effective symplectic action of the torus T on Mmodei.po- The ingredients for 

the construction of such model are Proposition |27T7] and Lemma |2.28[ 

Ifp : O' O is an orbifold covering map, p is a local diffeomorphism in the sense of Remark 
I2.21[ and the pull-back of a differential form to on O is the unique differential form to' on O' given 
by p*uJi on each chart p^^{Ui); we write to' := p*uj. 

Remark 2.31 This remark justifies that item ii) in Definition 12 . 3 21 below is correctly defined. The 
reader may proceed with Definition 12.321 and return to this remark as therein indicated. 
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The pull-back of the symplectic form v on M/T, given by Lemma [2.28l to the universal cover 
M/T, by means of the smooth covering map ip: M/T — > M/T, is a 7r°*(M/T, po)-invariant 

symplectic form on the orbifold universal cover M/T. The symplectic form on the torus T is 
translation invariant and therefore 7r°*(M/T, po) -invariant. The direct sum of the symplectic form 
on M/T and the symplectic form on T is a 7r°*(M/T, po)-invariant (and T-invariant) symplectic 
form on the Cartesian product M/T^i T, and therefore there exists a unique symplectic form on the 
associated bundle M/T XTrf^(M/T,po) ^ of which the pull-back by the covering map M/T x T ^ 
M/T x^orb(j^^/j. T is equal to the given symplectic form on M/T xT. 

Definition 2.32 Let (M, a) be a compact, connected, symplectic manifold equipped with an 
effective symplectic action of a torus T for which at least one, and hence every T-orbit is a dim T- 
-dimensional symplectic submanifold of (M, a). We define the T -equivariant symplectic model 
(Mnodei,po; cTmodei) of{M, (x) bused ut a regular foint pq G M/T as follows. 

i) The space Mmodei,po the associated bundle 

Mmodel,po '■= M/T X^orb(jy^/j, pjj) T, 

where the space M/T denotes the orbifold universal cover of the orbifold M/T based 
at a regular point pq E M/T, and the orbifold fundamental group 7r°* (M/T, po) acts 

on the product M/T x T by the diagonal action x (y, t) = {x -k y^^, jj,(x) ■ t), where 

^: 7r5'*(M/T, po) x M/T M/T denotes the natural action of 7r5'*(M/T, po) on M/T, 
and yu: 7r°*(M/T, po) T denotes the monodromy homomorphism of the flat connection 
:= {ilx}x€M given by the symplectic orthogonal complements to the tangent spaces to 
the T-orbits (c.f. Proposition l2.17l) . 

ii) The symplectic form (Tmodei is induced on the quotient by the product symplectic form on the 
Cartesian product M/T x T. The symplectic form on M/T is defined as the puUback by the 

orbifold universal covering map M/T M/T of the unique 2-form u on M/T such that 
7r*t^|n^ = a\n^ for every x E M (c.f. Lemma [2.281) . The symplectic form on the torus T 
is the unique T-invariant symplectic form determined by the non-degenerate antisymmetric 
bilinear form cr' such that ax{XM(x), Ym(x)) = a\X, Y), for every X, Y E t, and every 
X E M (c.f. LemmaO)- See Remark[23Il 

iii) The action of T on the space Mmodei,po i^ action of T by translations which descends 
from the action of T by translations on the right factor of the product M/T x T. 



Example 2.33 When dimM — dimT = 2 the orbit space M/T is 2-dimensional and it is an 
exercise to describe locally the monodromy homomorphism p which appears in part i) of Definition 
I2.32[ A small T-invariant open subset of our symplectic manifold looks like T x^^ D, where T 
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is the standard 2-dimensional torus (R/Z)^, and D is a standard 2-dimensional disk centered at 
the origin in the complex plane C. Here the quotient M /T is the orbisurface D /Tr^. (Recall that 
we know that is a finite cyclic group, c.f. Lemma 12.61) . Suppose that T^. has order n. The 
monodromy homomorphism /i in Definition [2]32] part i) is a map from 7r°* := tc°^^(D/Tx, po) into 
T. Note that 7r°* = (7) with 7 of order n. If t E T, there exists a homomorphism / : 7r°* T 
such that /(7) = t of and only if = 1. 

If we identify T with (M/Z)^, we can write t = (ti, ^2)^ there exists a homomorphism / : 7r°* ^ 
T such that 7(7) = {ti, of and only if n divides the order of (ti, 12), which means that ti, t2 
must be rational numbers such that n divides the smallest integer m such that mtj G Z, i = 1, 2. 
If for example n = 2, this condition says that the smallest integer m such that mti E Z, must 
be an even number. In other words, not every element in T can be achieved by the monodromy 
homomorphism. In fact, all the achievable elements are of finite order, but as we see from this 
example, more restrictions must take place. 



2.4.4 Model of (M, a): proof 

We prove that the associated bundle in Definition I2.32[ which we called "the model of M", is 
T-equivariantly symplectomorphic to (M, a). The main ingredient of the proof is the existence of 
the flat connection for tt : M — > M/T in Proposition |2.17[ 

We start with the observation that the universal cover M/T is a smooth manifold and the orbit 
space M/T is a good orbifold. Recall that an orbifold O is said to be good (resp. very good) if 
it is obtained as the quotient of manifold by a discrete (resp. finite) group of diffeomorphisms of 
such manifold. 

Lemma 2.34. Let (M, a) be a compact, connected, symplectic manifold equipped with an effec- 
tive symplectic action of a torus T for which at least one, and hence every T -orbit is a dim T- 
-dimensional symplectic submanifold of (M, a). Then the orbifold universal cover M/T is a 
smooth manifold and the orbit space M/T is a good orbifold. Moreover, z/dimT = dimM — 2, 
the orbit space M/T is a very good orbifold. 

Proof. Let ip: M/T — > M/T be the universal cover of orbit space M/T based at the regular 
point pq = 7r(xo) E M/T. Recall from Proposition 12. 171 the connection for the principal T- 
orbibundle tt : M ^ M/T projection mapping, whose elements are the symplectic orthogonals to 
the tangent spaces to the T-orbits of (M, a). By Corollary 12. 22[ if the mapping : M is the 

inclusion mapping of the integral manifold through x to the distribution fi, then the composite 
map n o ix'. Tx M/T is an orbifold covering mapping for each x E M, in which the total 
space Ix is a smooth manifold. Because the covering map tp: M/T — > M/T is universal, there 
exists an orbifold covering r : M/T Ix such that ti o o r = -ip, and in particular the orbifold 
universal cover M/T is a smooth manifold, since an orbifold covering of a smooth manifold must 

be a smooth manifold itself. Since the orbit M/T is obtained as a quotient of M/T by the discrete 
group 7r°* (M/T, po), by definition {M/T, A) is a good orbifold. Now, it is well-known |l6l 
Sec. 2. 1 .2] that in dimension 2, an orbifold is good if and only if it is very good. □ 
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Let ol: [0, 1] ^ O be an orbifold path in O. The projection of the path a under a covering 
mapping p : O O, which we write as is a path in the orbifold O whose underlying map is 
p o a, and such that for each t for which [p o a){t) is a singular point, if a{t) is regular then there 
exists a neighborhood V of a{t) such that p|y is a chart at {p o a) (t), and this can be used to define 
the local lift ofpoa around t; if otherwise a{t) is singular, then by definition of a there is a chart 
: V V at a{t) and a local lift to F of a around t, and by choosing V to be small enough, (pop 
is a chart of (p o a){t) giving the local lift ofpoa around t. We say that a is a lift of a path (3 in 
O if p{a) = (3. The following generalizes the classical manifold property. Recall Definition |2.15[ 

Lemma 2.35. Let T be a torus, let (X, uj) be a compact, connected symplectic manifold en- 
dowed with an effective symplectic action of T for which at least one, and hence every T -orbit is 
a dimT -dimensional symplectic submanifold of{X, uj). Equip X/T with the orbifold structure in 
Definition \2.13\ Let po G X/T be a regular point. Let H be a connection for a smooth principal 
T-orbibundle p: X X/T. Then for any loop 7 : [0, 1] — > X/T in the orbifold X/T such that 
7(0) = Po there exists a unique horizontal lift \ : [0, 1] ^ X with respect to the connection H 
forp: X X/T, such that A^(0) = Xq, where by horizontal we mean that d\{t) / dt G -f^A^(i) 
for every t G [0, 1]. 

The following is the main result of Section 2. 

Theorem 2.36. Let (M, a) be a compact, connected, symplectic manifold equipped with an effec- 
tive symplectic action of a torus T, for which at least one, and hence every T -orbit is a dim T- 
-dimensional symplectic submanifold of (M, a). Then (M, cr) is T -equivariantly symplectomor- 
phic to its T-equivariant symplectic model based at a regular point po G M/T, c.f Definition 
\2.32\ for every regular point po G M/T. 

Proof. Let ip '■ M/T — > M/T be the universal cover of orbit space M/T based at the point Pq = 
7r(xo) G M/T. Recall from Proposition 12. 171 the connection f2 for the T-orbibundle vr: M 
M/T projection mapping given by the symplectic orthogonals to the tangent spaces to the T-orbits 

of (M, a). By Lemma [2341 M/T is a smooth manifold. The mapping 7r°* (M/T, po) x M/T 
M/T, ([A], [7]) [7 A], is a smooth action of the orbifold fundamental group it°*(M/T, pq) on 
the orbifold universal cover M/T, which is transitive on each fiber M/T^ of ip: M/T — > M/T. 
By Lemma[235l for any loop 7: [0, 1] M/T in the orbifold M/T such that 7(0) = po, denote 
by A^ : [0, 1] ^ M its unique horizontal lift with respect to the connection Vt for tx: M ^ M/T 
such that A^(0) = Xq, where by horizontal we mean that d A^(t) /d t G ^A^(t) for every t G [0, 1]. 
Proposition [27l7] says that Vt is an orbifold flat connection, which means that A^(l) = A5(l) if 5 is 
homotopy equivalent to 7 in the space of all orbifold paths in the orbit space M/T which start at 
Pq and end at the given end point p = 7(1). The gives existence of a unique group homomorphism 
/i: 7r"''(M/T, po) — ^ T such that A^(l) = /i([7]) ■ xq. The homomorphism /z does not depend on 

the choice of the base point Xq G M. For any homotopy class [7] G M/T and t E T, define the 
element 

$([7], t) :=t- A^(l) G M. (2.22) 
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The assignment ([7], t) t— > •^'([7], t) defines a smooth covering mapping $: M/T x T M 

between smooth manifolds. Let [5] E 7r°* (M/T, pq) act on the product M/T x T by sending 
the pair ([7], t) to the pair ([75^^], t). The mapping $ induces a diffeomorphism from 

the associated bundle M/T x^o.b^j^^/'j'.po) ^^^^ I^ideed, (p is onto because $ is onto, and 
$([7], t) = $([7'], t') if andonlyift- A^(l) = t' • Ay (1), if and only if A^(l) = (r ^ t') ■ Ay(l), 
if and only if t' = in which S is equal to the loop starting and ending at pq, which 

is obtained by first doing the path 7 and then going back by means of the path 7'^^. Since $ 
is a smooth covering map, the mapping </> is a local diffeomorphism, and we have just proved 
that it is bijective, so must be a diffeomorphism. By definition, intertwines the action of T 
by translations on the right factor of the associated bundle M/T ^t,'^^^[m/t,po) T with the action 
of T on M. Recall that the symplectic form on M/T ^t,°^^[m/t,po) T is the unique symplectic 
form of which the puUback M/T x T ^ M/T x^oibj-^jy^n T is equal to the product form on 
M/T X T, where the symplectic form on M/T is given by Definition 12.321 part ii). It follows 
from the definition of the symplectic form on M/T ^-„«^^[m/t,po) ^ ^^'^ Corollary 12.191 that the T- 
-equivariant diffeomorphism from M/T ^■„'^^[m/t,po) ^ onto M pulls back the symplectic form 
a on M to the just obtained symplectic form on M/T ^■^'^^^m/t^pq) □ 

Remark 2.37 We assume the terminology of Definition [232] and Theorem l2.36[ In this remark we 
describe a covering isomorphic to the orbifold covering tt o of Lemma l2.22[ which will be of use 
in Theorem 12. 471 Additonally, the construction of this new covering makes transparent the relation 

between the universal cover M/T M/T and the covering M/T. Indeed, recall the distri- 
bution f2 of the symplectic orthogonal complements of the tangent spaces of the T-orbits given in 
Proposition l2.17[ and the principal T-orbibundle tt : M — > M/T, for which 1] is a T-invariant flat 
connection. As in the proof of Theorem 12. 36[ if x E M then each smooth curve 5 in M/T which 
starts at 7r(x) has a unique horizontal lift 7 which starts at x. The endpoints of such lifts form the in- 
jectively immersed manifold X^, c.f. Remark [2.23[ As in the proof of Theorem l2.36l . if we keep the 
endpoints of 6 fixed, then the endpoint of 7 only depends on the homotopy class of S. As explained 
prior to Definition l2.32[ the homotopy classes of S's in M/T with fixed endpoints are by definition 

the elements of the universal covering space M/T of M/T, which is a principal 7r™''(Af /T, 7r(x))- 
-bundle over M/T. The corresponding endpoints of the 7's exhibit the integral manifold X,, as 
the image of an immersion from M/T into M, but this immersion is not necessarily injective. 
Recall that the monodromy homomorphism of tells what the endpoint of 7 is when 5 is a 
loop. By replacing fi by the induced injective homomorphism fi' from 7r°*(Af /T, 7r(x))/ker /i to 
T, we get an injective immersion. This procedure is equivalent to replacing the universal covering 
M/T by the covering M/T/ker fi with fiber 7r^'^{M/T, 7r(x))/ker fi. So M/T/ker fi is injectively 
immersed in M by a map whose image is X^. It follows that the coverings n o i^: T^ ^ M/T and 
M/T /\s.x jjL — > M/T are isomorphic coverings of M/T, of which the total space is a smooth man- 
ifold. We use this new covering M/T /\s.x [i — * M/T in order to construct an alternative model of 
(M, cr) to the one given in Theorem 12. 36[ c.f. Theorem 12.471 Note: in the statement of Theorem 
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[2471 N := M/T/ker/x. 







Example 2.38 Assume the terminology of Definition 12.321 Assume moreover that dimM — 
dimT = 2 and that the action of T on M is free, so the quotient space M/T is a compact, 
connected, smooth surface and it is classified by its genus. If the genus is zero, then the orbit 
space M/T is a sphere, which is simply connected, and the orbibundle n : 1^ M/T is a 
diffeomorphism, c.f. Lemma l2.22[ In such case M is the Cartesian product of a sphere with a torus. 
If M/T has genus 1, then the orbit space M/T is a two-dimensional torus, with fundamental group 
at any point isomorphic to the free abelian group on two generators ti, t2, and the monodromy 
homomorphism is determined by the images ti and t2 of the generators (1, 0) and (0, 1) of Z^. 
X^. is compact if and only if Xj, is a closed subset of M if and only if ti and t2 generate a closed 
subgroup of T if and only if ti and t2 generate a finite subgroup of T. is dense in M if and only 
if the subgroup of T generated by ti and t2 is dense in T. If the genus of M/T is strictly positive, 
then Ix is compact if and only if the monodromy elements form a finite subgroup of T, which is a 
very particular situation (since the 2g generators of the monodromy subgroup of T can be chosen 
arbitrarily, this is very rare: even one element of T usually generates a dense subgroup of T). 

2.5 Model up to T-equivariant diffeomorphisms 
2.5.1 Generalization of Kahn's theorem 

In [|25l Cor. 1 .4] P. Kahn states that if a compact connected 4-manifold M admits a free action of 
a 2-torus T such that the T-orbits are 2-dimensional symplectic submanifolds, then M splits as a 
product M/T x T, the following being the statement in [|25l . 

Theorem 2.39 (P. Kahn, [|25l . Cor. 1.4). Let (M, cr) be a compact, connected symplectic 4- 
-dimensional manifold. Suppose that M admits a free action of a 2-dimensional torus T for 
which the T-orbits are 2-dimensional symplectic submanifolds of (M, a). Then there exists a 
T-equivariant diffeomorphism between M and the cartesian product M/T x T, where T is acting 
by translations on the right factor of M/T x T. 

Next we generalize this result of Kahn's to the case when the torus and the manifold are of 
arbitrary dimension, c.f Theorem 12.411 We start with Corollary 12. 40[ the proof of which relies on 
the forthcoming Theorem 12.4 1[ so we suggest to return to its proof at the end of the section. 

Corollary 2.40. Let (M, a) be a compact connected symplectic 2n- dimensional manifold equipped 
with a free symplectic action of a {2n — 2) -dimensional torus T such that at least one, and 
hence every T-orbit is a {2n — 2) -dimensional symplectic submanifold of (M, cr). Then M is 
T-equivariantly diffeomorphic to the Cartesian product M/T x T, where M/T x T z^' equipped 
with the action ofT on the right factor of M/T x T by translations. 

Proof. If dim(M/T) = 2, by the first part of Theorem 12.4 1[ the quotient space M/T is a com- 
pact, connected, smooth, orientable surface. Therefore, by the classification theorem for sur- 
faces, Hi(M/T, Z) is isomorphic to Z^^, where g is the topological genus of M/T . Therefore 
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Hi (M/T, Z) does not have torsion elements, and by Theorem |2.411 M is T-equivariantly diffeo- 
morphic to the cartesian product M/T x T. □ 



2.5.2 Smooth equivariant splittings 

We give a characterization of the existence of T-equivariant splittings of M as a Cartesian product 
M/T X T , up to T-equivariant diffeomorphisms c.f. Theorem l2.41[ 

Recall that if X is a smooth manifold, Hi(X, Z)t denotes the subgroup of torsion elements of 
Hi {X, Z) i.e. the set of [7] G Hi {X, Z) such that there exists a strictly positive integer k satisfying 
k [7] = 0. Hi(X, Z)t is a subgroup. Let /xjf denote the homomorphism given by restricting the 
homomorphism to Hi (M/T, Z)t. Recall that by Proposition |2.121 M is a compact, connected 
(dimM — dim T) -dimensional orbifold, and that if the action of torus T on M is free, the local 
groups are trivial, and hence the orbit space M/T is a (dimM — dim T) -dimensional smooth 
manifold, c.f. Remark 12.141 

Theorem 2.41. Let (M, a) be a compact, connected, symplectic manifold equipped with a free 
symplectic action of a torus T for which at least one, and hence every of its T -orbits is a dimT- 
-dimensional symplectic submanifold of (M, a), and let Hi (M/T, Z) ^ T be the homo- 
morphism induced on homology via the Hurewicz map by the monodromy homomorphism fi from 
7ii{M/T, pq) into T with respect to the connection on M given by the symplectic orthogonal com- 
plements to the tangent spaces to the T -orbits, for the T -bundle projection map tt: M ^ M/T 
onto the orbit space M/T (c.f expression l\2.25\) ). Then M is T-equivariantly diffeomorphic to 
the Cartesian product M/T x T equipped with the action ofT by translations on the right factor 
of M/T X T, if and only if the torsion part jf/^ of the homomorphism /ih is trivial, i.e. /Xh satisfies 
that Aih([7]) = ^for every [7] G Hi(M/T, Z) of finite order 

Proof. By means of the same argument that we used in the proof of Theorem I2.36[ using any 
T-invariant flat connection V for tt instead of Vt, we may define a mapping 



The mapping cjp , which is induced by (12.221 ). is a T-equivariant diffeomorphism between the 

smooth manifolds M/T ^■k^{m/t,po) T and M, where M/T is the universal cover of the manifold 

M/T based at po. Since M/T is a regular covering c.f. Remark |233l M/T/ni{M/T, po) = 
M/T and the monodromy homomorphism mapping 11^: 7ri(M/T, po) T of P is trivial if 

and only if M /T x^^(m/t,po) ^ = M/T x T. Hence the smooth manifold M is T-equivariantly 
diffeomorphic to the Cartesian product M/T x T if and only if there exists a T-invariant flat 
connection V for the principal T-bundle ir: M ^ M/T for which its monodromy homomorphism 
fi^: 7ri(M/T, po) ^ T is trivial. 

If fi^ = 0, there exists a homomorphism JI^ : Hi (M/T, Z) ^ t such that exp ofih = p.^, which 
by viewing 'jj^ as an element [(3] G H^g Rham(^/^) ® U can be rewritten as 



0^: M/Tx^^(^M/T,p,)T^M. 



(2.23) 
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(2.24) 
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The T-invariant connection f2 of symplectic orthogonal complements to the tangent spaces to 
the T-orbits defines a T-invariant connection one-form 9 for the canonical projection mapping 
tt: M — i> M/T, which, by T-invariance of 9, is identified with a connection one-form 9 E 
Q}{M/T) t. By Proposition 12. 171 the connection Vt is flat, and since the torus T is an abelian 
group, ^ is a closed form. The one-form := 9 — P E ^^^^^{M/T) ® t is a t- valued connection 
one-form on M/T, in the sense that its pull-back to M is a connection one-form on M, and there- 
fore there exists a T-invariant connection V on M, such that Q = 9^. Since /3 is closed, and is 
flat, the connection one-form 9^ is flat, and hence the connection "D on M is flat. This means that 
V has a monodromy homomorphism : 7ri(M/T, pq) — > T, and a corresponding monodromy 
homomorphism on homology /i^ : Hi (M/T, Z) — > t, and for any closed curve 7 in the orbit space 
M/T, 

/^?([7])=/^h([7]) exp / -/5 = /Xh([7]) (exp / Z?)"^ = 1, 
where the second equality follows from the fact that 

exp / -/3=(exp / 

and the third equality follows from (|2.24l) . and we have proven that "D is a flat connection for the 
orbibundle tt: M M/T whose monodromy homomorphism on homology /i^ is trivial, and 
hence so it is n^. If conversely, M is T-equivariantly diffeomorphic to the Cartesian product 
M/T X T, then there exists a T-invariant flat connection V for the orbibundle tt : M — > M/T such 
that the monodromy homomorphism for vr with respect to V, fi^ : 7ri(M/T, po) ^ T is trivial. On 
the other hand, if [7] E Hi (M/T, Z)t, there exists a strictly positive integer k with A; [7] = and 
= (A; [7], [a]) = k ([7], [a]), which means that ([7], [a]) = for aU [7] E Hi(M/T, Z)t, and 
hence that (/i^)""" = /ijf . Since the homomorphism /i^ is trivial, is trivial. □ 

Remark 2.42 Under the assumptions of Theorem 12.411 on our symplectic manifold (M, a), if 
the dimension of the orbit space M/T is strictly greater than 2, then it may happen that the first 
integral orbifold homology group Hi (M/T, Z) has no torsion and therefore M is T-equivariantly 
diffeomorphic to the Cartesian product M/T x T. However, already in the case that M/T is 
4-dimensional there are examples of symplectic manifolds M /T of which the the integral ho- 
mology group Hi (M/T, Z) has nontrivial torsion. For instance, in [fT2l Sec. 8] we computed the 
fundamental group and the first integral homology group of the whole manifold, and this com- 
putation shows that even in dimension 4 there are examples X where Hi(X, Z) is isomorphic to 
Z^ X (Z/A; Z), where k can be any positive integer. Taking such manifolds as the base space M/T, 
and a monodromy homomorphism which is nontrivial on the torsion subgroup Z/A; Z, we arrive at 
an example where M is not T-equivariantly diffeomorphic to the Cartesian product M/T x T. 

Remark 2.43 Under the assumptions of Theorem |2.411 since M/T is a regular covering of M/T, 

we have a diffeomorphism M/T/tci(M/T, pq) ~ M/T naturally, or in other words, the symbol 
~ may be taken to be an equality. Hence the monodromy homomorphism fi^ : ni(M/T, po) T 
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of a T-invariant flat connection V is trivial if and only if M/T ^■k^{m/t,po) T = M/T x T. Strictly 
speaking, this is not an equality, it is a T-equivariant diffeomorphism 

M/T x^,(M/T,po) T ^ M/T/n,{M/T, Po) x T ^ M/T x T, 

where the first arrow is the identity map, and the second arrow is the identity on the T component 
of the Cartesian product (M/T /tci{M/T, po)) x T, while on the first component it is given by 
the map [ [7] ]ttj(m/t,po) ^ 7(1)- If th^ action of T on M is not free, the same argument works 
by replacing the fundamental group of M /T at pq, by the corresponding orbifold fundamental 
group. 



2.6 Alternative model 

Next we present a model for (M, a), up to T-equivariant symplectomorphisms, which does not 
involve the universal cover of M/T, but rather a smaller cover of M/T. 

Following Borzellino's article [|71 Def. 6] we make the following definition. 

Definition 2.44 Let O he a smooth orbifold. The first integral orbifold homology Wl^^{0, Z) of 
a smooth orbifold O is defined as the abelianization of the orbifold fundamental group 7r°*((9, x) 
oiO dXx, where x is any point mO. 



Remark 2.45 The definition of H° (O, Z) does not depend on the choice of the point x G O in 
the sense that all abelianizations of 7r"''(0, x), x E O, are naturally identified with each other. 

The Hurewicz map at the level of smooth orbifolds may be defined analogously to the usual 
Hurewicz map at the level of smooth manifolds. Indeed, if (9 is a smooth orbifold, the orbifold 
Hurewicz map hi, from the orbifold fundamental group 7r™''((9, xq) to the first orbifold homology 
groupH°'^''((9, Z), assigns to a homotopy class of a loop based at xq, c.f. Hatcher's [21 , Sec. 4.2] or 
Spanier's [[5T1 Sec. 7.4], which is also a one-dimensional cycle, the homology class of that cycle. 
The mapping hi is a homomorphism from 7r°*(C, xq) to H°*(C, Z). 

Definition 2.46 Let (Af, a) he a compact, connected, symplectic manifold equipped with an 
effective symplectic action of a torus T for which at least one, and hence every T-orbit is a dim T- 
-dimensional symplectic submanifold of (M, a), and let hi from ii'f'^^M/T, po) to Hf'' (M/T, Z) 
be the orbifold Hurewicz mapping. There exists a unique homomorphism H°*( M/T, Z) — > T, 
which we call /ih, such that 

/i = /ih o /ii, (2.25) 

where fi: tcI'^^(M/T, po) T is the monodromy homomorphism of the connection Q = {il^ = 
(T^(T ■ x))'^^} of symplectic orthogonal complements to the tangent spaces to the T-orbits in M 
(c.f. Proposition |2.17| ). The homomorphism fiy, is independent of the choice of base point po- 

See Remark [2. 37l for a description of the ingredients involved in the following theorem. 
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Theorem 2.47. Let (M, a) be a compact, connected, symplectic manifold equipped with an effec- 
tive symplectic action of a torus T for which at least one, and hence every T -orbit, is a dim T- 
dimensional symplectic submanifold of {M , a). Then there exist a {dim M — dim T) -dimensional 
symplectic manifold {N, cr^), a commutative group A which acts properly on N with finite sta- 
bilizers and such that N/ A is compact, and a group monomorphism fi[^: A ^ T, such that the 
symplectic T -manifold (M, a) is T -equivariantly symplectomorphic to N x^^T, where A acts on 
N X T by the diagonal action x {y, t) = {x -k y^^, fi'^{x) ■ t), where -k: A x N ^ N denotes 
the action of A on N. N Xi\T is equipped with the action of T by translations which descends 
from the action ofT by translations on the right factor of the product N x T, and the symplectic 
form induced on the quotient by the product symplectic form © cr'^ on the Cartesian product 
N X T. Here is the unique translation invariant symplectic form on T induced by the anti- 
symmetric bilinear form a', where cr^(XM(a;), Ym{x)) = cr'(X, Y) for every X, Y E t, and every 
X G M, and o"^ is inherited from the symplectic form v on the orbit space M/T, c.f Lemma \2.28\ 
by means of the covering map N — » M/ T, c.f. Remark \2.48\ The structure of smooth manifold 
for N is inherited from the smooth manifold structure of the orbifold universal cover M/T, since 

N is defined as the quotient M/T /K where K is the kernel of the monodromy homomorphism 
/i: 7i°^^{M/T, po) T. Moreover, N is a regular covering of the orbifold M/T with covering 
group A. 

Proof. We proved in Tlieorem 12.361 that for any element [7] G M/T and t E T, the mapping 
defined by $([7], t) := t ■ G M, induces a induces a T-equivariant symplectomorphism 

from the associated bundle M/T ^T,'^b(^M/T,po) T onto the symplectic T-manifold (M, a). See 
Definition 12.321 for the construction of the symplectic form and T-action on this associated bun- 
dle. Let K be the kernel subgroup of the monodromy homomorphism ji from the orbifold fun- 
damental group 7r°* (M/T, po) into the torus T. The kernel subgroup i^' is a normal subgroup of 
7r°*(M/T, pq) which contains the commutator subgroup C of 'K'f°{M/T, po). There is a unique 
homomorphism fic- 7r°* (M/T, po)/C T such that fx = f^c ° where x is the quotient ho- 
momorphism from the orbifold fundamental group n°*(M/T, po) onto 7r°*(M/T, Po)/C. The 
orbifold Hurewicz map hi, from the orbifold fundamental group 7r°*(M/T, po) to the first orb- 
ifold homology group H°*(M/T, Z), assigns to a homotopy class of a loop based at po, which 
is also a one-dimensional cycle, the homology class of that cycle, is a homomorphism from 
7r5'*(M/T, Po) onto H°*(M/T, Z) with kernel the commutator subgroup C. Therefore the quo- 
tient group K/C < 7r°* (M/T, po)/C can be viewed as a subgroup of the first orbifold homology 
group 

(M/T, Z) ^ 7r°*(M/T, po)/C, 

where the symbol ~ stands for the projection induced by the Hurewicz map hi from the orbifold 
fundamental group ni{M/T, po) into the first orbifold homology group H°* (M/T, Z). Let iV : = 

M/T/K. By Lemma [2.22l and Remark [2.37l is a smooth manifold (diffeomorphic to the integral 
manifold of the distribution Vl, c.f. Proposition 12.171) . Because the universal cover of M/T is 
a regular orbifold covering of which the orbifold fundamental group is the covering group, the 
quotient is a regular orbifold covering of the orbit space M/T with covering group 

A :=H°*(M/T, Z)/{K/C) ~ 7r°*(M/T, po)/C. 
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The group A is a commutative group. Let A acts on the torus T by the mapping 

(x, t) ^ fi'^^ix) t, (2.26) 

where the mapping : A ^ T is the quotient homomorphism induced by and tt, where recall 
that denotes the homomorphism induced on homology from the monodromy fi associated to the 
connection fi, c.f. Proposition l2.17[ The mapping is injective because the subgroup K equals 

the kernel of fi. Our construction produces an identification of the bundle M/T x^oa^j^^/j. T 
and N X/^ T, where A is acting by the diagonal action on x T to give rise to iV xa T (c.f 
expression (12.261) ). which intertwines the actions of T by translation on the right T-factor of both 
spaces. In this way the mapping (p induces a diffeomorphism from the associated bundle N x^T 
to M, which intertwines the action of T by translations on the right factor of x ^ T with the 
action of T on M. By the same proof as in Theorem 12.411 the T-equivariant diffeomorphism (p 
from N x^T onto M pulls back the symplectic form on M to the symplectic form on x^T 
given in Remark [2. 48 1 □ 

Remark 2.48 This remark justifies why the symplectic form on the model space defined in 
Theorem |2.47| is correctly defined. Let us assume the terminology used in the statement of Theorem 
I2.47[ The pull-back of the 2-form u on M/T to the smooth manifold N by means of the covering 
map (p (c.f. Lemma [2.281) such that vr*z/|n^ = cr|n^ for every x G M, where := {i^x}xeM is 
the distribution on M of symplectic orthogonal complements to the tangent spaces to the T-orbits, 
defined by Proposition I2.17[ is a A-invariant symplectic form on A^. The symplectic form on T 
determined by the antisymmetric bilinear form cr' given by Lemma lZTl is translation invariant, and 
therefore A-invariant. The direct sum of the symplectic form on A^ and the symplectic form on 
T is a A-invariant and T-invariant symplectic form on A^ x T, and therefore there is a unique 
symplectic form on A^ x a ^ of which the pull-back by the covering map A^xT-^A^x^Tis 
equal to the given symplectic form on A^ x T. 



3 Classification: free case 

Throughout this section (M, a) is a compact and connected symplectic manifold and T is a torus 
which acts freely on (M, a) by means of symplectomorphisms, and such that at least one T- 
-orbit is a dim T-dimensional symplectic submanifold of (M, a). Our goal is to use the model 
for (M, a) which we constructed in Definition 12.321 to provide a classification of {M, a) when 
dimT = dim M — 2, in terms of a collection of invariants. 

3.1 Monodromy Invariant 

We define what we call the free monodromy invariant of (M, a), ingredient 4) in Definition 13. 9[ 
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3.1.1 Intersection Forms and Geometric Maps 



Let S be a compact, connected, orientable, smooth surface of genus g, where is a positive integer. 
Recall the algebraic intersection number 



n: Hi(S, Z) ®Hi(S, Z) 
which extends uniquely to the intersection form 

n: Hi(S, M) ®Hi(S, M) 



Z, 



(3.1) 



(3.2) 



which turns Hi(S, M) into a symplectic vector space. It is always possible to find, c.f. [21, Ex. 
2A.2], a so called "symplectic" basis, in the sense of [37, Th. 2.3]. 

Definition 3.1 Let S be a compact, connected, orientable, smooth surface of genus g, where g is 
a positive integer. A collection of elements a^, Pi, 1 < i < g, of Hi(S, Z) C Hi(S, M) such that 



ai n aj = PiH Pj = 0, aid Pj = 6, 



(3.3) 



for all i, j with 1 < j < (? is called a symplectic basis of the group Hi(S, Z) or a symplectic 
basis of the symplectic vector space (Hi(S, R), fl) . 

Hence the matrix associated to the antisymmetric bilinear form fl on the basis ai, Pi is the 
block diagonal matrix 

/ 1 \ 

-1 

1 
-1 



Jo 



v 

Notice that the symplectic linear group Sp{2g, 
that 



1 
-1 / 

C GL(2(7, M) is the group of matrices A such 



A-Jo-A' = Jo, 



(3.4) 



and therefore it is natural to denote by Sp{2g, Z) the group of matrices A E G'L{2g, Z) which 
satisfy expression (13.41) . 

Remark 3.2 The group Sp{2g, Z) is also called Siegel's modular group, and denoted by Tg, 
see for example J. Birman's article f5]. Generators for Sp{2g, Z) were first determined by L. K. 
Hua and and I. Reiner [23]. Later H. Klingen found a characterization of [29] for g > 2 by a 
finite system of relations. Birman's article [(5l reduces Klingen's article to a more usable form, in 
which she explicitly describes the calculations in Klingen's paper, among other results. I thank J. 
McCarthy for making me aware of J. Birman's article and for pointing me to his article [[35l which 
contains a generalization of it. 
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Remark 3.3 Let ghea. non-negative integer, and let E be a compact, connected, oriented, smooth 
surface of genus g. If the first homology group Hi(E, Z) is identified with GL(25f, Z) by means 
of a choice of symplectic basis, the group of automorphisms of Hi(S, Z) which preserve the 
intersection form gets identified wih the group Sp{2g, Z) of matrices in GL{2g, Z) which satisfy 
expression (|3.4I) . Indeed, let Pi be a symplectic basis of Hi(E, Z) (i.e. whose elements satisfy 
expression (13.31) ). The (2g x 2(7)-matrix M{ai, Pi, f) of / with respect to the basis a^, Pi is an 
element of the linear group GL{2g, Z) of {2g x 2(7)-invertible matrices with integer coefficients 
and it is an exercise to check that / preserves the intersection form on Hi(S, M) if and only if 
M(«„ A, /)-Jo-M(«„ A, /)y = Jo. 

An orientation preserving diffeomorphism induces an isomorphism in homology which pre- 
serves the intersection form. Moreover, the converse also holds, c.f. pp. 355-356]. An 
algebraic proof of this result is given by J. Birman in [5 , pp. 66-67] as a consequence of [5 , Thm. 
1] (see also the references therein). To be self contained we present a sketch of proof here, follow- 
ing a preliminary draft by B. Farb and D. Margalit [fT4l . Denote by MCG(E) the mapping class 
group of orientation preserving diffeomorphisms of S modulo isotopies. After a choice of basis, 
there is a natural homomorphism 

/i: MCG(S) ^Sp(2^, Z). (3.5) 

Lemma 3.4. Let g be a non-negative integer, and let S, S' be compact, connected, oriented, 
smooth surfaces of the same genus g. Then a group isomorphism f from the first homology group 
Hi(S, Z) onto the first homology group Hi(S', Z) preserves the intersection form if and only if 
there exists an orientation preserving diffeomorphism z : S ^ S' such that f = z*. Moreover, if 
{t/fcjfcLi C S, {f/^}^^ C S' are finite disjoint collections of embedded disks, i can be chosen to 
map Uk to Ul for all k, 1 < k < m. 

Proof. W.l.o.g. assume that S = S'. It is immediate that an orientation preserving diffeomorphism 
of S induces an intersection form preserving automorphism of Hi(Il, Z). Let 7 be the permutation 
of {1, ... , 2g} which transposes 2i fand 2z — 1 for 1 < i < 2g. We define the if^ elementary 
symplectic matrix by 

J^ij ^ i hg + Eij if2 = 7(j); 

\ hg + Eij - Otherwise. 

where stands for the identity matrix of dimension 2g and Eij is the matrix with a 1 in the ij* 
position and O's elsewhere. It is a classical fact that Sp(2(7, Z) is generated by the matrices S*-' . To 
prove the lemma is equivalent to showing that p, in (13.51) is surjective onto Sp(2(7, Z). Let be the 
Dehn twist about a simple closed curve h. Then for integer values of k, the image /i('r^^) is given 
by 

a ^ a + k ■ n(a, h) b. (3.6) 

We may restrict our attention to a subsurface Sq of S of genus 1 in the case of 2 = 7(7), or of 
genus 2 otherwise, such that the i^^ and j^^ basis elements are supported on it, as well as assume 
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that i is odd, and that Hi(Eo, Z) is spanned by a symplectic basis ai, Pi, 02, /?2- Then using 
that /i is a homomorphism and (13.61 ) one shows /i(T^/) = S^'^, ^i{T~^T~^Ta-^j^p^) = E^'^ and 

3.1.2 Construction 

In this section we construct the monodromy invariant of our symplectic manifold (M, a), c.f. 
Definition 13.81 The fact that such invariant is well defined uses only linear algebra. To any group 
homomorphism 

/: Hi(S, Z)^T, 

we can assign the 2(7-tuple (/(aj), /(A))f=i, where a^, I3i, 1 < i < g \^ di basis of the homology 
group Hi(S, Z) satisfying formulas (|3.3I) . Conversely, given a 25f-tuple (ai, 61, ... , a^, 6^) G T^f, 
the commutativity of T implies, by the universal property of free abelian groups [TT, Ch. 1.3] that 
there exists a unique group homomorphism from the homology group Hi(S, Z) into the torus T 
which sends at to and (3j to hj, for all values of i, j with 1 < i, j < g. Notice that this tuple 
depends on the choice of basis. For each such basis we have an isomorphism of groups 

/ ^ if (a,), fmU. (3.7) 
between the homomorphism group Hom(Hi(S, Z), T) and the Cartesian product T^^. 

Definition 3.5 Let T be a torus and m an even positive integer. Let be a subgroup of GL(m, Z) . 
A matrix A'mH acts on the Cartesian product by sending an m-tuple x to x-A~^ by identifying 
X with a homomorphism from 7?^ to T. We say that two m-tuples x, y E T"^ are H-equivalent if 
they lie in the same 7-^-orbit, i.e. if there exists a matrix A E H such that y = x ■ A. We write H ■ x 
for the H-orbit of x, and for the set of all 7^-orbits. 

Lemma 3.6. Let T be an abelian group, let H be a compact, connected, smooth orientable sur- 
face, let ai, Pi and a[, P[ be symplectic bases of the integral homology group Hi(S, Z), and let 
f : Hi(E, 7j) —>■ T be a group homomorphism. Then there exists a matrix in the symplectic group 
Sp{2g, Z) which takes the image tuple {f{ai), f{Pi)) to the image tuple (/(a-), f{P[)). 

Proof. Because any two symplectic bases a^, Pi and a-, P[ of the group Hi(S, Z) are taken onto 
each other by an element of the symplectic group Sp(2(7, Z), the change of basis matrix from the 
basis ai, Pi, to the basis a[, is in the group Sp(2(7, Z). Notice that the (2j — l)"^-column of 
this matrix consists of the coordinates of a'^, with respect to the basis a[, P[, and its (2j)"^-column 
consists of the coordinates of P'^ and hence we have that the tuple {f{ai), is obtained by 

applying such matrix to the tuple (/(a.), f{P'i))i=i- □ 

Lemma [3^ show s that the assignment 

/ H^Sp(2(7,Z) ■(/(«,), /(A))r=i (3.8) 

induced by expression (13.71 ) is well defined independently of the choice of basis ai. Pi, 1 < i < g 
of Hi(S, Z), as long as it is a symplectic basis. The following is a consequence of Lemma l3.6l and 
Definition 13. 5 [ 
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Lemma 3.7. Let (M, a) be a compact, connected 2n-dimensional symplectic manifold equipped 
with a free symplectic action of a {2n — 2) -dimensional torus T, for which at least one, and hence 
every T -orbit is a {2n—2)-dimensional symplectic submanifold of {M , a). Ifai, jSianda'^, I3[, 1 < 
i < g, are symplectic bases ofiii{M/T, Z), then for every homomorphism f : Hi (M/T, Z) — > T, 
we have that the Sp{2g, l^-orbits of the tuples {f{ai), /(A))f=i ^^^d (/(a^), /(/3j'))f=i '^ire equal. 

Definition 3.8 Let (M, a) be a compact, connected, 2n-dimensional symplectic manifold equipped 
with a free symplectic action of a torus T for which at least one, and hence every T-orbit is 
a (2n — 2) -dimensional symplectic submanifold of (M, a). The free monodromy invariant of 
(M, cT, T) is the Sp(2^, Z)-orbit 

Sp{2g, Z) ■ ifx,ia,), /ih(A))f=i e T''/Sp{2g, Z), 

where Oj, Pi, 1 < i < g, is a basis of the homology group H^(M/T, Z) satisfying expression 
(13.31 ) and /Xh is the homomorphism induced on homology by the monodromy homomorphism /i of 
the connection of symplectic orthogonal complements to the tangent spaces to the T-orbits (c.f. 
Proposition [OT]) by means of the Hurewicz map (c.f. Definition 13. 51 formula (12.251) ). 

3.2 Uniqueness 

3.2.1 List of ingredients of (M, a, T) 

We start with the following definition. 

Definition 3.9 Let (M, a) be a compact connected 2?7.-dimensional symplectic manifold equipped 
with a free symplectic action of a (2n — 2) -dimensional torus T for which at least one, and hence 
every T-orbit is a {2n — 2) -dimensional symplectic submanifold of (M, a). The list of ingredients 
of{M, a, T) consists of the following items. 

1) The genus g of the surface M/T (c.f. Remark 12.141) . 

2) The total symplectic area of the symplectic surface {M/T, u), where the symplectic form u 
is defined by the condition Ti*y\n,, = for every x E M, tx: M ^ M/T is the projection 
map, and where for each x G M, Vt^ = (T^(T ■ x))"^" (c.f. Lemma [Z28] ). 

3) The non-degenerate antisymmetric bilinear form a*: t x t ^ M on the Lie algebra t of T 
such that for all X, Y e t and all x G M ^^.(^^(a;), YMix)) = a\X, Y) (c.f. LemmaO)- 

4) The free monodromy invariant of (M, a, T), i.e. the Sp(2(7, Z)-orbit 

Sp(2(7, Z) ■ ^^M))^=l 
of the 2^-tuple (/ih(«i), /ih(A))f=i ^ T^s, c.f. Definition[331 
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3.2.2 Uniqueness Statement 



The next two results say that the list of ingredients of (M, a, T) as in Definition [3]9] is a complete 
set of invariants of (M, a, T). We start with a preliminary remark. 

Remark 3.10 Let T be a torus. Let xq E X. Let p: X ^ B, p' : X' ^ B' he smooth principal 
T-bundles, equipped with flat connections Vl, ^l', and let $ : X — > X' be a T-bundle isomorphism 
such that = n (i.e. = for each x e X). LetXo := $(xo), and let $: B ^ B' 

be induced by $ and such that $(&o) = b^, where p{xo) = bo, p'{x'q) = b'^. The monodromy 
homomorphism /i: vr^(i?, bo) T associated to the connection f2 is the unique homomorphism 
such that 

A,(l)=M[7])-^o, (3.9) 

for every path 7 : [0, 1] — 5 such that 7(0) = 7(1) = bo, where is the unique horizontal lift of 
7 with respect to the connection f2, such that A^(0) = Xq. 

Applying $ to both sides of expression (13.91 ). and using that $ preserves the horizontal sub- 
spaces, denoting by Ay the unique horizontal lift with respect to Vl', of any loop 7' : [0, 1] B' 
with7'(0) =7'(1) = we obtain that Ag^(l) = (/io 7]) -Xq, where : tti{B, bo) 

ni{B', 6q) is the isomorphism induced by $, which by the uniqueness of the monodromy ho- 
momorphism, implies that ji' = ji o ($*)^^: tti(B', bo) — > T, and since n = fi^ o hi and 
fi' = Hii o hi, see expression (12.251 ). that = fii^ o ($^)^^: n^{B', bo) T, where in this 
case : H^(i?, Z) — > H^(i?', Z) is the homomorphism induced by $ in homology. 

Lemma 3.11. Let (M, a) be a compact connected 2n-dimensional symplectic manifold equipped 
with a free symplectic action of a {2n — 2) -dimensional torus T for which at least one, and hence 
every T-orbit is a {2n — 2)-dimensional symplectic submanifold of [M, a). If{M', a') is a compact 
connected 2n-dimensional symplectic manifold equipped with a free symplectic action of T for 
which at least one, and hence every T-orbit is a {2n — 2) -dimensional symplectic submanifold of 
(M', a'), and{M', a') is T-equivariantly symplectomorphic to (M, a), then the list of ingredients 
of{M', cr', T) is equal to the list of ingredients of{M, a, T). 

Proof. Let $ be a T-equivariant symplectomorphism from (M, cr) onto (Af, a'). Like in the 
proof of Lemma [2.29[ the mapping $ descends to a symplectomorphism $ from the orbit space 
(M/T, z/) onto the orbit space (M'/T, z/'). By Remark [2l4l the orbit spaces M/T and M'/T are 
compact, connected, orientable, smooth surfaces, and because they are diffeomorphic, M/T and 
M'/T must have the same genus g. 

Lemma 12.291 and Remark 12.301 imply that ingredient 2) of (M, a) equals ingredient 2) of 
(M', a'). 

If X, F G t, then the T-equivariance of $ implies that $*(Xm') = Xm, ^*(Ym') = Ym- In 
combination with a = $*cr', this implies, in view of Lemma 12. 11 that 

a\X, Y) = <^*ia'{XM', Ym')) = $*((a')'(X, Y)) = (a')'(X, Y), 
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where we have used in the last equation that (cr')'(X, Y) is a constant on M'. This proves that 
cr' = {a'y. Since = f2, we have that 

as mappings from the orbifold homology group H]^(M'/T, Z) into the torus T, where the mapping 
from the homology group }1^(M/T, Z) to H]^(M'/T, Z) is the group isomorphism induced 
by the orbifold diffeomorphism $ from the orbit space M/T onto M' /T (see Remark [3 .101) . By 
Lemma [34l preserves the intersection-form, and therefore the images under of /Sj, 1 < 
i < g, which we will call a-, form a symplectic basis of H^(M'/T, Z). Hence /ih(tti) = 
and HhiPi) = /^h(A')' which in turn implies that ingredient 4) of (M, a) equals ingredient 4) of 
(M', a'). □ 

Proposition 3.12. Let [M, a) be a compact connected 2n-dimensional symplectic manifold equipped 
with a free symplectic action of a {2n — 2) -dimensional torus T for which at least one, and hence 
every T-orbit is a {2n — 2) -dimensional symplectic submanifold of (M, a). Then if (M', a') is 
a compact connected 2n-dimensional symplectic manifold equipped with a free symplectic action 
of T for which at least one, and hence every T-orbit is a (2n — 2) -dimensional symplectic sub- 
manifold of (M', a'), and the list of ingredients of (M, a, T) is equal to the list of ingredients of 
(M', 0"', T), then (M, a) is T -equivariantly symplectomorphic to (M', a'). 

Proof. Suppose that the list of ingredients of (Af, a) equals the list of ingredients of (M', a'). 
Let ttj, j3i, and a-, /?■ be, respectively, symplectic bases of the first integral homology groups 
Hi(M/T, Z) and YL^{M' /T, Z), and suppose that ingredient 4) of (M, a) is equal to ingredi- 
ent 4) of (M', a'). Let yU, ji' , /ih, /^h be the corresponding homomorphisms respectively associated 
to (M, a), (M', a') as in Definition 12.461 Then, by Definition 13.51 there exists a matrix in the 
integer symplectic group Sp(2(7, Z) which takes the tuple of images of the a^, (3i under /ih to the 
tuple of images of a-, [3[ under which means that 

/ih = /i;oG, (3.10) 

as maps from the homology group Hi (M/T, Z) to the torus T, where the mapping G is the inter- 
section form preserving automorphism from the homology group H]^(Af/T, Z) to H]^(M'/T, Z) 
whose matrix with respect to the bases «i, I3i and l3[ is precisely the aforementioned matrix. 
Since M/T and M' /T have the same genus, by Lemma [34l there exists a surface diffeomorphism 
F : M/T M'/T such that = G, and hence by (ITTOl) . 

/i = /i'oF,. (3.11) 

Let z/ and z/' be the symplectic forms given by Lemma [2.281 If z/q T*z/', the symplectic 
manifold (M/T, z/q) is symplectomorphic to (M'/T, z/'), by means of F. Let z?J5 be the puUback 

of the 2-form z/q by the universal cover if) : M/T — * M/T of M/T based at pq, and similarly we 

define u' by means of the universal cover if)' : M'/T — ^ M'/T based at F(po). Choose xq, x'q 
such thatpo = ^(a^o), = V^'(xo). By standard covering space theory, the symplectomorphism F 
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between {M/T, uq) and {M'/T, u') lifts to a unique symplectomorphism F between {M/T, uq) 

and {M'/T, u') such that F{xq) = x'q. Now, let be the unique translation invariant symplectic 
form on the torus T which is uniquely determined by the antisymetric bilinear form a^, which since 
ingredient 3) of (M, a) is equal to ingredient 3) of (Af, a'), equals the antisymetric bilinear form 

{(j'y. Then the product M/T x T is T-equivariantly symplectomorphic to the product M'/T x T 
by means of the map 

([7], t) ^ (F([7]), t), (3.12) 

where T is acting by translations on the right factor of both spaces, M/T x T is equipped with the 
symplectic form 17^©cr'^, and M'/Tx T is equipped with the symplectic form z/'©(t^. As in Defini- 
tionl232l let [5] E {M/T, po) act diagonally on the product M/T x T by sending the pair ( [7] , t) 
to ([7 5"^], fi{[S]) t), and similarly let [6'] G 7t^{M'/T, po) act on M'/T x T by sending ([7'], t) 
to ([7' {S')~^], ix'{[5']) t), hence giving rise to the well-defined quotient spaces M/T Xt,^(^m/t,po) T 

and M'/T x^^^^m' /T,p'^^) T. (Here ji and /i' are the monodromy homomorphisms respectively as- 
sociated to the connections Vt and Vt'). Because the based fundamental groups Tx^[hl/T, po) and 
TT^ (M'/T, Pq) act properly and discontinuously, both the action of T on the products, as well as the 
symplectic form, induce well-defined actions and symplectic forms on these quotients. Therefore, 
because of expression (13.1 IL the assignment induced by the product mapping (13.121) 

[[7], t]^,{M/T,po) ^ [^([7]), t]^,{M'/T,p'^), 

is a T-equivariant symplectomorphism between the associated bundle M/T x^^(^m/t,po) T and 

the associated bundle M'/T y<^^(^M'/T,p'g) T. Because M/T and M'/T have the same genus and 
symplectic area, by Moser's theorem, c.f. [|37l Th. 3.17], the (compact, connected, smooth, ori- 
entable) surfaces {M/T, u) and {M'/T, u') are symplectomorphic, and hence {M/T, v) is sym- 
plectomorphic to {M/T, z/q). By Theorem I2.36[ {M, a) is T-equivariantly symplectomorphic 

to the associated bundle M/T y<^^(^M/T,po) T, with the symplectic form u © cr^, by means of a 
T-equivariant symplectomorphism 0, and hence T-equivariantly symplectomorphic to the asso- 
ciated bundle M /T x^^(j;//2',po) ^ "with the symplectic form © a'^, say by means of (p. Simi- 
larly, {M', a') is T-equivariantly symplectomorphic to M'/T X7r^(A/7T,p;j) T, by means of a T- 
-equivariant symplectomorphism cp, and therefore the composite o ^ o : M — > M' is a 
T-equivariant symplectomorphism between (M, a) and {M', a'). □ 

3.3 Existence 

3.3.1 List of ingredients for T 

We start by making an abstract list of ingredients which we associate to a torus T. 
Definition 3.13 Let T be a torus. The list of ingredients for T consists of the following items. 
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i) A non-negative integer g. 

ii) A positive real number A. 

iii) An non-degenerate antisymmetric bilinear form a' on the Lie algebra t of T. 

iv) ASp{2g, Z)-orbit7 G T'^^/Sp{2g, Z), where Sp (2(7, Z) denotes the group of 2(7-dimensional 
square symplectic matrices with integer entries, c.f. Definition 13 .51 





3.3.2 Existence Statement 

Any list of ingredients as in Definition 13.131 gives rise to one of our manifolds with symplectic 
T- action. 

Proposition 3.14. Let T be a {2n — 2) -dimensional torus. Then given a list of ingredients for 
T, as in Definition \3.13\ there exists a symplectic 2n-dimensional manifold (M, a) with a free 
symplectic action of T for which at least one, and hence every T -orbit is {2n — 2) -dimensional 
symplectic submanifold of {M, a), and such that the list of ingredients of {M , a, T) in Definition 
13.91 /5 equal to the list of ingredients for T in Definition \3.13\ 

Proof. Let X be a list of ingredients for the torus T, as in Definition 13. 131 Let the pair (S, a^) be 
a compact, connected symplectic surface of genus g given by ingredient i) of X in Definition 13. 13[ 
and with total symplectic area equal to the positive real number A given given by ingredient ii) of X. 
Let the space S be the universal cover of the surface S based at an arbitrary regular point po ^ S, 
which we fix for the rest of the proof. Let T be the {2n — 2) -dimensional torus that we started with, 
equipped with the unique T-invariant symplectic form cr^ on T whose associated non-degenerate 
antisymmetric bilinear form is a' : t x t M, given by ingredient iii) of X. Write ingredient iv) 
of Definition |3l3] as 7 = Sp(2^, Z) ■ (a^, 6i)f^i G r29/Sp(2^, Z), and recall the existence ^ 
Ex. 2A.1] of a symplectic Z-basis ctj, Pi, I < i < g, of the integral homology group H^(S, Z), 
satisfying expression (|3.3I) . Let /ih be the unique homomorphism from H]^(S, Z) into T such that 

/ih(ai) := fli, /ih(A) := 

for all 1 < i < 2g. Define n := fih o hi, where hi denotes the Hurewicz homomorphism 
from vrj^(S, pq) to H]^(S, Z). is a homomorphism from 7r^(S, pq) into T. Let the fundamen- 
tal group ni{T., po) act on the Cartesian product S x T by the diagonal action [5] ■ ([7], t) = 
([5 7^^], /u([5]) t). We equip the universal cover S with the symplectic form cr^ obtained as the 
puUback of by the universal covering mapping S ^ S, and we equip the product space S x T 
with the product symplectic form cr^ ©a^, and let the torus T act by translations on the right factor 
of S X T. Because tTi{^, Po) is acting properly and discontinuously, the symplectic form on S x T 

passes to a unique symplectic a^odei := o"^ © o"^ form on M^^^jgi (as in the proof of Theorem 12. 3 61) . 
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Similarly, the action of the torus T by translations on the right factor of E x T passes to an action 
of T on M^jj^gj, which is free. Define the associated bundle 

M^odelpo •= ^ X7ri(S,po) (3.13) 

It follows from the construction that {M^^^^^, cr^ojei) ^ compact, connected symplectic manifold, 
with a free T-action for which every T-orbit is a dim T-dimensional symplectic submanifold of 

model / ■ 

It is left to show that the list J equals the list of ingredients of (M^^^jgi, ci^odei)- Since the 
action of the torus T on M^^^j^i is induced by the action of T on the right factor of S x T, 
Mmodei/T is symplectomorphic to S/7r]^(S, po) with the symplectic form induced by the map- 
ping S — * S/7ri(S, Po), which by construction (i.e. by regularity of the orbifold universal cover) 
is symplectomorphic to the quotient (S, a^). Therefore M^^^gj/T with the symplectic form z/^ 
given by Lemma l2.28l is symplectomorphic to (S, cr^), and in particular the total symplectic area 
of (M^pjg[/T, u^.jji^jT) equals the total symplectic area of (S, a^), which is equal to the positive 

real number A. Let p: x T ^ Mmodei be the projection map. It follows from the definition of 
^modei that for all X, Y E t, the real number 



(^model)[[7],t].i(E,po)'^^A^,Lei'^[W' ^l^^i (S,Po) ) ' ^A^de/tW' ^^M^^Po))) 



is equal to 



)[[7],t].i(E,po)('^(W,t)P(^£xr(W, t)), T([^],t)p(r£^^([7], t))) 
which is equal to 

(a^ © a^)([,],,)(X£^^([7], t)), >£,^([7], t)) = aJiXrit), Yrit)) 

= a\X,Y). (3.14) 

where in the first equality of (|3.14l) we have used that the vector fields X^^rp, ^g^r tangent to 
the T-orbits {y} x T of S x T, and the symplectic form vanishes on the orthogonal complements 
T(„ X {t}) to the T-orbits. The last equality follows from the definition of a'. 

Finally let ^^^o^gi stand for the flat connection on M^^^gj given by the symplectic orthogonal 
complements to the tangent spaces to the orbits of the T-actions, see Proposition I2.17[ and let 
^l^modci gj^j^^ fyj. induced homomorphism /il^™"''^' : }li{M^^^jT, Z) ^ T in homology. If 
/ : Hi(M^ojjgi/T, Z) Hi(S, Z) is the group isomorphism induced by the symplectomorphism 

Mi^,jT ^ S/7ri(S, Po) ^ S, (3.15) 

where each arrow in (|3.15l) represents the natural map. 



E 



/^h"""''' = /^ho/. (3.16) 

Because / is induced by a diffeomorphism, by Lemma [34l / preserves the intersection form and 
hence the unique collection of elements a-, (3[,1 <i < g such that /(a-) = ctj and /(/?•) = (3i, for 
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all 1 <i < (yf, is a symplectic basis of the homology group {M^^^^^/T, Z) . Let 7 be the 2g-tup\e 
of elements 1 <i < g. Therefore by (13.161 ) 

7 = (/ih(ai), /ih(A))f=i- 

The result follows because theSp(25(, Z)-orbit of (/ih(ai), /ih(A))f=i is equal to item 4) in Defini- 
tion |3l9l □ 



3.4 Classification Theorem 

We state and prove the two main results of Section 3, by putting together previous results. 

Theorem 3.15. Let T be a {2n — 2) -dimensional torus. Let (M, a) be a compact connected 2n- 
dimensional symplectic manifold on which T acts freely and symplectically and such that at least 
one, and hence every T -orbit is a (2n — 2) -dimensional symplectic submanifold of (M, a). 

Then the list of ingredients of (M, a, T) as in Definition 13.91 is a complete set of invariants 
of (M, 0", T), in the sense that, if (M', a') is a compact connected 2n-dimensional symplectic 
manifold equipped with a free symplectic action of T for which at least one, and hence every T- 
-orbit is {2n — 2) -dimensional symplectic submanifold of (M', a'), (M', a') is T-equivariantly 
symplectomorphic to (M, cr) if and only if the list of ingredients of{M', a', T) is equal to the list 
of ingredients of {M , a, T). 

And given a list of ingredients for T, as in Definition \3.13\ there exists a symplectic 2n- 
-dimensional manifold (M, a) with a free torus action of T for which one at least one, and hence 
every T -orbit is a {2n — 2) -dimensional symplectic submanifold of (M, cr), such that the list of 
ingredients of{M, cr, T) is equal to the list of ingredients for T. 

Proof. It follows by putting together Lemma l3.1 1[ Proposition 13 . 1 21 and Proposition l3.14[ Observe 
that the combination of Lemma 13.1 1[ Proposition 13.121 gives the existence part of the theorem, 
while Proposition 13.141 gives the existence part. □ 

Corollary 3.16. Let{M, a) be a compact connected symplectic 2n-dimensional manifold equipped 
with a free symplectic action of {2n — 2) -dimensional torus T for which at least one, and hence 
every T-orbit is a {2n — 2) -dimensional symplectic submanifold of (M, cr). 

Then the genus g of the surface M/T is a complete invariant of the T-equivariant diffeomor- 
phism type of M, in the following sense. If (M', cr') is a compact, connected, 2n- dimensional 
symplectic manifold equipped with a free action of a (2n — 2) -dimensional torus such that at least 
one, and hence every T-orbit is a {2n — 2) -dimensional symplectic submanifold of (M', a'), M' 
is T-equivariantly diffeomorphic to M if and only if the genus of the orbit space M' /T is equal to 
the genus of M/T. 

Moreover, given any non-negative integer, there exists a symplectic 2n- dimensional manifold 
(M, cr) with at least one, and hence every T-orbit being a {2n — 2) -dimensional symplectic sub- 
manifold of{M, a), such that the genus of M/T is precisely the aforementioned integer 

The proof of Corollary 13.161 is immediate. Indeed, by Corollary I2.40[ M is T-equivariantly 
diffeomorphic to the Cartesian product M/T x T equipped with the action of T by translations 
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on the right factor of the product. Suppose that $ is a T-equivariant symplectomorphism from 
(M, a) to (M', a'). Because $ is T-equivariant, it descends to a diffeomorphism $ from the 
orbit space M/T onto the orbit space M' /T, and hence the genus of M/T equals the genus of 
M' /T. Conversely, suppose that (M, a) and (M', a') are such that the genus of M/T equals the 
genus of M' /T. By the classification theorem of compact, connected, orientable (boundary less of 
course) surfaces, there exists a diffeomorphism F: M/T — > M' /T. Hence the map M/T x T ^ 
M' /T X T given by (a;, t) {F{x), t) is a T-equivariant diffeomorphism, and by Corollary 12.401 
we are done. Now let ghe a non-negative integer, and let S be a (compact, connected, orientable) 
surface of genus g, and let T be a (2n — 2) -dimensional torus. Then Mg := S x T is a 2n- 
-dimensional manifold. Equip it with any product symplectic form, and with the action of T by 
translations on the right factor. Then the T-orbits, which are of the form {u} x T, m G S, are 
symplectic submanifolds of Mg. Clearly Mg/T is diffeomorphic to S by means of [u, t] u. 

Remark 3.17 We summarize Corollary 13. 161 in the language of categories, c.f. MacLane's book 
ll32l . Let T be a torus and let Ai denote the category of which the objects are the compact con- 
nected symplectic manifolds (M, a) together with a free symplectic T-action on (M, a), such that 
at least one, and hence every T-orbit is a {2n — 2) -dimensional symplectic submanifold of M, and 
of which the morphisms are the T-equivariant symplectomorphisms of (Af, a). Let denote 
category which consists of the set of non-negative integers, and of which the identity is the only 
endomorphism of categories. Then the assignment M ^ g, where g is the genus of the surface 
M/T, is a full functor of categories from the category M. onto the category . In particular the 
proper class / ~ of isomorphism classes in is a set, and the functor l: M ^ g, where g is 
the genus of the surface M/T, induces a bijective mapping i/ ~ from the category M./ ^ onto 
the category Z^ . 

Let X denote the set of all lists of ingredients as in Definition l3.13l viewed as a category, and of 
which the identities are the only endomorphisms of categories. Then the assignment l in Definition 
|3.9| is a full functor of categories from the category M. onto the category X. In particular the proper 
class Al / ~ of isomorphism classes in Al is a set, and the functor u: M. X induces a bijective 
mapping l/ ~ from Al/ ~ onto X. The fact that the mapping l: — X is a functor and the 
mapping i/ ~ is injective follows from the uniqueness part of Theorem 13. 151 while the surjectivity 
of L, follows from the existence part. 



4 Classification 

This section extends the results of Section 3 to non-free actions. 

A tool needed to obtain the classification is Theorem 14. 181 which is a characterization of geo- 
metric isomorphisms of orbifold homology, c.f. Definition 14. 9[ Such classification appears to be 
of independent interest as it generalizes a classical result about smooth surfaces to smooth orbisur- 
faces. Some of the statements and proofs in the present section are analogous to those of Section 
3, and we do not repeat them. 
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4.1 Geometric Torsion in Homology of Orbifolds 



Like for compact, connected, orientable smooth surfaces, there exists a classification for compact, 
connected, orientable smooth orbisurfaces. 

Remark 4.1 It follows from Definition 12.91 that there are only finitely many points in compact, 
connected, smooth orientable orbifold O which are singular, so the singular locus So is finite. 

The compact, connected, boundaryless, orientable smooth orbisurfaces are classified by the 
genus of the underlying surface and the n-tuple of cone point orders {ok)l=i, where Oj < Oj+i, for 
all 1 < z < — 1, in the sense that the following two statements hold. 

Theorem 4.2. First, given a positive integer g and an n-tuple {ok)^=i, Oi < Oj+i of positive 
integers, there exists a compact, connected, boundaryless, orientable smooth orbisurface orbifold 

with underlying topological space a compact, connected surface of genus g and n cone points of 
respective orders Oi, o„. Secondly, let O, O' be compact, connected, boundaryless, orientable 
smooth orbisurfaces. Then O is diffeomorphic to O' if and only if the genus of their underlying 
surface is the same, and their associated increasingly ordered n-tuple of orders of cone points are 
equal. 

Proof. If O, O' are compact, connected, boundaryless, orientable smooth 2-dimensional orbifolds 
which are moreover diffeomorphic, it follows from the definition of diffeomorphism of orbifolds 
that the genus of their underlying surface is the same, and their associated increasingly ordered 
n-tuple of orders of cone points are equal. 

Conversely suppose that C, O' are boundaryless, orientable smooth 2-dimensional orbifolds 
with the property that the genus of their underlying surface is the same, and their associated in- 
creasingly ordered n-tuples of orders of cone points are equal. Write pk for the cone points of O 
ordered so that pk has order Ok for all k, where 1 <k <n. Because C, O' are compact, connected, 
boundaryless, orientable and 2-dimensional, for each cone point in O and each cone point in O' 
there exists a neighborhood that is orbifold diffeomorphic to the standard model of the plane mod- 
ulo a rotation. Therefore, since the tuples of orders of O and O' are the same, for each k there is a 
neighborhood of pk, a neighborhood D'^^ of p'f^ and a diffeomorphism ft - Dk ^ D'f, such that 
f{pk) = p'k- By shrinking each or D'^ if necessary, we may assume that the topological bound- 
aries 9|c)|(Dfc), 9|c)/|(i5[,) are simple closed curves. The map/: D :=[_} Dk D' := U-D[. defined 
by /lofc := fk is an orbifold diffeomorphism such that /(p^) = p'^ and f{Dk) = D'/^ for all k, where 

1 < k < n. Since the topological boundaries C := d\o\{Dk), C := d\o'\iD'i^) are simple closed 
curves, \ 0\ \ UD^ and |C| \ U-D^ are surfaces with boundary, and their corresponding boundaries 
consist of precisely k boundary components, d\o\iDi), . . . , dio\iDn) and d\o'\iD[), . . . , d\o'\iD'^), 
each of which is a circle. Then by the classification of surfaces with boundary, there exists a dif- 
feomorphism g : C ^ C . By definition of diffeomorphism, g{dC) = dC, and hence there exists 
a permutation p of {1, . . . ,n} such that g(d\o\iDk)) = f^|c"| (-D^(fc)) for all k, where 1 < k < n. 
There exist diffeomorphisms of a surface with boundary that permute the boundary circles in any 
way one wants, and hence by precomposing with an appropiate such diffeomorphism we may as- 
sume that r is the identity. Because of this together with the fact that a diffeomorphism of a circle 
which preserves orientation is isotopic to the identity map, we can smoothly deform g near the 
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boundary in O of each so that g agrees with / on d\o\{C). Hence the map F: O ^ O given 
d& F\c := g and F\o\c '■= / is a well defined orbifold diffeomorphism between O and O' . □ 

Remark 4.3 A geometric classification of orbisurfaces which considers hyperbolic, elliptic and 
paraboUic structures, is given by Thurston in [|55l Th. 13.3.6] - while such statement is very in- 
teresting and complete, the most convenient classification statement for the purpose of this paper 
is only in differential topological terms, c.f Theorem 14. 2[ The author is grateful to A. Hatcher for 
providing him with the precise classification statement, and indicating to him how to prove it. 

Definition 4.4 Let S be a smooth, compact, connected, orientable smooth orbisurface with n 
singular points. Fix an order in the singular points, say pi, . . . , such that the order of pk is less 
than or equal to the order of pk+i- We say that a collection of n elements {7fe}fc=i C H"''(S, Z) 
IS a geometric torsion 7fc is the homology class of a loop 7^ obtained as an 

oriented boundary of a closed small disk containing the /c* singular point of the orbisurface S with 
respect to the aforementioned ordering, and where no two such disks intersect. 

Definition 4.5 Let o = (o^)^^^ be an n-tuple of integers. We call the subgroup of the permu- 
tation group S„ which preserve the n-tuple o, i.e. := {r G | {Or{k))'k=i = 

Lemma 4.6. Let be a compact, connected, orientable, boundaryless smooth orbisurface. As- 
sume moreover that S is a good orbisurface. Then the order of any cone point ofT, is equal to the 
order of the homotopy class of a small loop around that point. 

Proof. Take a cone point with cone angle 2 vr/n, and let 7 denote the associated natural generator 
of 7r°*(S, xq). We already know that 7" = 1, because we have that relation in the presentation of 
the orbifold fundamental group. Since the orbifold has a manifold cover, the projection around the 
pre-image of the cone point is a n-fold branched cover, which implies that for any /c < n, 7'^ does 
not lift to the cover and so it must be nontrivial. □ 

Let g, n, Ok, 1 < k < n, be non-negative integers, and let S be a compact, connected, ori- 
entable smooth orbisurface with underlying topological space a surface of genus g, and with n 
singular points pk of respective orders o^. The orbifold fundamental group 7r°*(S, pq) has group 
presentation 

A}r=i, {7JL1 I ft 7fc = n[«- A], = l,l< k<n), (4.1) 

k=l i=l 

where the elements ctj, Pi, I < i < g form a symplectic basis of the free homology H°*(S, Z)f, 
and the 7^ form a geometric torsion basis of the orbifold homology group H°*(S, Z). By abelian- 
izing expression (14.11 ) we obtain the first integral orbifold homology group H°*(S, Z) 

n 

({a,, {7fc}Li I E7fc = 0, Ofc7fc = 0, 1 < A; < n). (4.2) 

fc=i 

^We use the word "torsion" because a geometric torsion basis will generate the torsion subgroup of the orbifold 
homology group. Similarly, we use "geometric" because the homology classes come from geometric elements, loops 
around singular points. 
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The torsion subgroup H° (S, Z)x of the first orbifold integral homology group of the or- 
bisurface S is generated by the geometric torsion {'jk}k=i with the relations Ok'jk = and 
I]fc=i 7n = 0. There are many free subgroups F of the first orbifold homology group for which 
H°*(S, Z) = F © H°*(S, Z)t. In what follows we will use the definition 

H°*(S, Z)f := H°*(S, Z)/H°*(S, Z)t, (4.3) 

and we call the left hand side of expression (14.31) . the free first orbifold homology group of the 
orbisurface S; such quotient group is isomorphic to the free group on 2g generators 7?^ , and there 
is an isomorphism of groups from H°''''(S, Z) onto H°*(S, Z)f © H°*(S, Z)t. As in (O, there 
is a natural intersection form 

Hp : H°*(S, R)f ® M)f ^ M, (4.4) 

which for simplicity we write Pip = H, and a natural isomorphism 

H°*(S, M)f ^Hi(S, M) (4.5) 

which puUbacks fl to fl = Hp, where S denotes the underlying surface to S. 

Example 4.7 Let S be a compact, connected, orientable smooth orbisurface with underlying 
topological space equal to a 2-dimensional torus (M/Z)^. Suppose that S has precisely one cone 
point pi of order oi = 2. Let 7 be obtained as boundary loop of closed small disk containing the 
singular point pi, and let 7 = [7]. Let a, (3 be representative of the standard basis of loops of the 
surface underlying E (recall that a, (3 are a basis of the quotient free first orbifold homology group 
of S). Then for any point xq G S 

xo) = (a, /3,7l[«, /5]=7, 7' = 1), 

and 

H°*(S, Z) = (a, /5, 7 I 7 = 1, 27 = 0) ^ (a, (3). 



Remark 4.8 If (M, cr) is a compact connected symplectic manifold, T is a torus which acts 
effectively but non-freely on it by symplectomorphisms and with dim T-dimensional symplectic 
T-orbits, there exists at least one non- trivial element [7] G H°*(M/T, Z) for which there IS an 
integer /c G Z+ such that /c [7] = and /Uh([7]) 7^ 0. (c.f. Theorem 12 .4 II for a global result). 

4.2 Monodromy invariant 

We define the Fuchsian signature monodromy space, whose elements give one of the ingredients 
of the classification theorems. 
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4.2.1 Geometric Isomorphisms 

An orbifold diffeomorphism between orbisurfaces induces an isomorphism at the level of orbifold 
fundamental groups, and at the level of first orbifold homology groups. 

Definition 4.9 Let O, O' be compact, connected, orientable smooth orbisurfaces. We say that 
an isomorphism H°*( (9, Z) H°*((9', Z) is orbisurface geometric if there exists an orbifold 
diffeomorphism O ^ O' which induces it. 

Example 4.10 If (M, a) is a compact and connected symplectic manifold of dimension 2n, and if 
T is a (2n — 2) -dimensional torus which acts freely on (M, a) by means of symplectomorphisms 
and whose T-orbits are {2n — 2) -dimensional symplectic submanifold of (M, a), then the torsion 
part of the first integral orbifold homology group of the surface M/T is trivial. But if the action of 
the torus is not free then M/T h an orbisurface, and the torsion subgroup is frequently non-trivial, 
although in a few cases it is trivial. For example: 

a) if there is only one singular point in M/T, or 

b) if there are precisely two cone points of orders 2 and 3 in M/T, or in general of orders k 
and k + 1, for a positive integer k. In this case it is easy to see that the torsion subgroup of 
the first integral orbifold homology group is trivial because it is generated by 71, 72 with the 
relations 71 = (A; + 1) 72 = 0, and 71 + 72 = 0. 

c) if there are precisely three cone points of orders 3, 4, 5 in M/T, or more generally any three 
points whose orders are coprime. 

However, in cases a) and b) the orbifolds are not good, so they do not arise as M/T, c.f. Lemma 
12.341 On the other hand, in case c) the orbifold is good, and as we will prove later it does arise as the 
orbit space of many symplectic manifolds (M, a). In this case it is possible to give a description 
of the monodromy invariant which is analogous to the free case done in Section 3. 

Recall that, by Lemma [34l if S, S' are compact, connected, oriented, smooth orbisurfaces 
of the same Fuchsian signature, and if /: H°*(S, Z) H°'^''(S', Z) is a group isomorphism for 
which there exists an orientation preserving orbifold diffeomorphism i: S — E' such that f = i^,, 
then / preserves the intersection form. 

Example 4.11 Let O be any orbifold with two cone points of orders 10 and 15. The torsion part 
of the orbifold homology is isomorphic to the quotient of the additive group Zio © Z15 by the sum 
of the two obvious generators. This group is isomorphic to Z5. Take an isomorphism of Z5, which 
squares each element. This isomorphism cannot be realized by an orbifold diffeomorphism. This 
is the case because an orbifold diffeomorphism has to be multiplication by 1 or —1 on each of Zio 
and Zi5, so it has to be multiplication by 1 or —1 on the quotient Z5. 

Not every automorphism of the first orbifold homology group preserves the order of the orb- 
ifold singularities. 

Example 4.12 Let (9 be a compact, connected, orientable smooth orbisurface with underlying 
topological space equal to a 2-dimensional torus. Suppose that O has precisely two cone points 
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Pi, p2 of respective orders oi = 5 and 02 = 10. Then for any point xq ^ O 



nfiO, xo) = {a, P, 71, 72 I 7i 72 = [a, P], 7i = 72° = 1) 



and 



Ef{0, Z) = {a, P, 71, 72 I 71 + 72 = 0, 571 = 10 72 = 0). 



The assignment 



F: a ^ a, /5 ^ /?, 7i 72, 72 7i 



(4.6) 



defines a group automorphism of H°*((9, Z). If this automorphism is induced by a diffeomor- 
phism, then the same map on 7r°*(0, xq) should be an isomorphism, which is false since in 
7r°*(C, Xq) the classes 71 and 72 have different orders. Thus the assignment (|4.6I) is not geo- 



4.2.2 Symplectic and torsion geometric maps 

Next we introduce the notion of symplectic isomorphism as well as that of singularity-order pre- 
serving isomorphism. 

Let K, L be arbitrary groups, and let h: K L be a group isomorphism. We denote by 
Kt, Lt the corresponding torsion subgroups, by K^;, Lp the quotients K/Kt, L/Lt, by /it the 
restriction of h to Kt — > L^, and by /ip the restriction of h to J^f L^;. 

Definition 4.13 Let O, O' be compact, connected, orientable smooth orbisurfaces. We say that 
an isomorphism Z = Hf''(C, Z) ^ Z' = H°*(C', Z) is torsion geometric if and only if the 
isomorphism Zt Z!j. sends a geometric torsion basis to a geometric torsion basis preserving the 
order of the orbifold singularities. 

Definition 4.14 Let O, O' be compact, connected, orientable smooth orbisurfaces. We say that 
an isomorphism Z = Hf\C>, Z) ^ Z' = H°*(C', Z) is symplectic if the isomorphism Zp Z^ 
respects the symplectic form, c.f. (14.41) . i.e. the matrix of the isomorphism w.r.t. symplectic bases 
is in the integer symplectic group. 

Definition 4.15 Let Z, Z' be respectively the first integral orbifold homology groups of compact 
connected orbisurfaces C, O' of the same Fuchsian signature. We define the following set of 
isomorphisms 



metric. 







{/ G Iso(Z, Z') I / is torsion geometric}, 



(4.7) 



and we denote by 



Sp(Z, Z') := {h e Iso(Z, Z') I h is symplectic}. 



(4.8) 
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Definition 4.16 Let Zi, Z2 be respectively the first integral orbifold homology groups of com- 
pact connected orbisurfaces 0\, O2 of the same Fuchsian signature. Let fi: Zi — > T be ho- 
momorphisms into a torus T. We say that fi is Sp(Zi, Z2) H S^^'^"^ -equivalent to f2 if there 
exists an isomorphism i: Zi Z2 such that there is an identity of maps /2 = fi o i and 

i e Sp(Zi, Z2) n S^^'^^ 



4.2.3 Geometric isomorphisms: characterization 

The main result of this section is Theorem I4.18[ where we give a characterization of geometric 
isomorphisms in terms of symplectic maps, c.f. Definition l4.14[ and torsion geometric maps, c.f. 
Definition 14. 131 Then we deduce from it Proposition 14.191 which is a key ingredient of the proof of 
the classification theorem. 

Lemma 4.17. Let T^i, i = 1,2, be compact, connected, oriented smooth orbisurfaces with the 
same Fuchsian signature {g; o), and suppose that G is an isomorphism from the first integral 
orbifold homology group }i°'^^{T.i, Z) onto}l°^^(T.2, 1) which is symplectic and torsion geometric, 
c.f. Definition \4.14\ and Definition \4.13\ Then there exists an orbifold diffeomorphism g : Si — E2 
such that Gt = (5'*)t and Gp = {g*)v- 

Proof. Because an orbifold is classified up to orbifold diffeomorphisms by its Fuchsian signature, 
c.f. Theorem 14. 2 [ without loss of generality we may assume that S = Si = S2, and let {7^} be a 
geometric torsion basis of H™^(S, Z), c.f Definition 14.41 Choose an orbifold atlas for S such that 
the orbifold chart Uk around the 1^ singular point is homeomorphic to a disk Dk modulo a finite 
group of diffeomorphisms, and such that every singular point is contained in precisely one chart. 
The oriented boundary loop dUk. represents the class 7^ G H°'''(S, Z)t. This in particular implies 
that there exists an orbifold diffeomorphism f^-: U '■= iJkUk ^ U such that friPk) = PT(k) and 

friUk) = Urik). (4.9) 

Replace each orbifold chart around a singular point of S by a manifold chart. This gives rise to a 
manifold atlas, which defines a compact, connected, smooth orientable surface S without bound- 
arjH with the same underlying space as that of the orbisurface S. Let H°*(S, Z)f Hi(S, Z) 
be the natural intersection form preserving automorphism in (|4.5I) . The automorphism obtained 
from Gp by conjugation with the aforementioned automorphism preserves the intersection form on 
Hi(S, Z). By Lemma l34l there is a surface diffeomorphism which induces it, which sends Uk to 
Ur(k)- Because each diffeomorphism of a circle is isotopic to a rotation or a reflection, by (14.91 ) the 
restriction of the aforementioned surface diffeomorphism to the punctured surface S \ Ufc f^fc may 
be glued to fr, along the boundary circles dUk, to give rise to an orbifold diffeomorphism of S 
which satisfies the required properties. □ 

Theorem 4.18. Let Si, S2 be compact, connected, orientable smooth orbisurfaces of the same 
Fuchsian signature. An isomorphism Z\ = Hi'''(Si, Z) ^ Z2 = Hi*(S2, Z) is orbisurface 
geometric if and only if it is symplectic and torsion geometric. 

^recall that we are always assuming, unless otherwise specified, that all manifolds and orbifolds in this paper have 
no boundary. 
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Proof. Suppose that G: Zi — > Z2 is an orbisurface geometric isomorphism, c.f. Definition 14.91 
It follows from the definition of orbifold diffeomorphism that if the group isomorphism G is in- 
duced by an orbifold diffeomorphism, then the induced map Gp on the free quotient preserves the 
intersection form and G sends geometric torsion basis to geometric torsion basis of the orbifold 
homology preserving the order of the orbifold singularities. 

Conversely, suppose that G is symplectic and torsion geometric, c.f. Definition |4.14[ Definition 
|4.13[ By Theorem 14. 21 we may assume without loss of generality that S = Si = S2, so G is an 
automorphism of H°*(S, Z). By Lemma 14. 171 there exists an orbifold diffeomorphism q : S — > S 
such that 

(^7*)f = G'f, (^7*)t = Gt. (4.10) 

Let us define the mapping 

K:=g,oG-^: H°*(S, Z) ^ H°*(S, Z). (4.11) 

K given by (14.1 II) is a group isomorphism because it is the composite of two group isomorphisms. 
Because of the identities in expression (14.101) . K satisfies that 

K-T = IdHorb(2_2)^, Kp = IdHo.b(s,z)F- (4.12) 

If the genus of the underlying surface |S| is 0, then H°''''(E, Z)f is trivial and H°''''(S, Z)t = 
H°*(S, Z), K = i^T = Id, so = G, and we are done. If the genus of |S| is strictly positive, 
then there are two cases. First of all, if K is the identity map, then = G, and we are done. 
If otherwise K is not the identity map, then g^ ^ G, and let us choose a free subgroup F of 
Z) such that Hf''(S, Z) = F © Hf^E, Z)t, and a symplectic basis a^, A of the free 
group F. To make the forthcoming notation simpler rename 621-1 = and 621 = Pi, for all i such 
that I < i < g. By the right hand side of equation (14.121) . we have that there exist non-negative 
integers al such that if n is the number singular of points of S, then 

n 

Kiei)=ei + J2aljk. (4.13) 

k=l 

By the left hand side of (14.121) . 

K{^k)=7k. (4.14) 

Next we define a new isomorphism, which we call -Knew, by altering K in the following fashion. 

Choose an orbifold atlas for the orbisurface E such that for each singular point pj of E there 
is a unique orbifold chart which contains it, and which is homeomorphic to a disk Dj modulo a 
finite group of diffeomorphisms. Let S be the smooth surface whose underlying topological space 
is the underlying surface |E| to E, and whose smooth structure is given by the atlas defined by 
replacing each chart which contains a singular point by a manifold chart from the corresponding 
disk. Let Cj be a loop which represents the homology class Cj G H°*(E, Z). Take an annulus A 
in E such that the loop Cj crosses A exactly once, in the sense that it intersects the boundary dA 
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of A twice, once at each of the two boundary components of dA, and such that it contains the 
singular point pj of S which is enclosed by the oriented loop whose homology class is 7^, and 
no other singular point of S. This can be done by choosing the annulus A in such a way that its 
boundary curves represent the same class as the dual element Cj+i to Cj (instead of Cj+i we may 
have Cj-i, depending on how the symplectic basis of Cj is arranged). Equip the topological space 
1^1 C |S| = |S| with the smooth structure which comes from restricting to |^| the charts of the 
smooth structure of S, and let A be the smooth submanifold-with-boundary of S which arises in 
such way. The loop Cj intersects the boundary of the annulus at an initial point Xij and at an end 
point Uij, and intersects the annulus itself at a curved segment path [xij, yij], which by possibly 
choosing a different representative of the class Cj, may be assumed to be a smooth embedded 1- 
-dimensional submanifold-with-boundary of A. Replace the segment [xij, yij] of the loop Cj by 
a smoothly embedded path P{xij, yij) which starts at the point Xij, goes towards the cone point 
enclosed by 7^ while inside of the aforementioned annulus, and goes around it precisely once, to 
finally come back to end up at the end point yij. The replacement of the segment [xij, yij] by the 
path P{xij, yij) gives rise to a new loop e-, which agrees with the loop Cj outside of A. 

We claim that there exists an orbifold diffeomorphism hij : S — > S which is the identity map 
outside of the annulus and which sends the segment [xij, yij] to the path P{xij, yij), and hence the 
loop Cj to the loop e'i. Indeed, let / be a diffeomorphism of the aforementioned annulus A with 

fil^ijj Uij]) = P{Xij, yij), 

and with / being the identity on dA. Then let k: A — ^ be a diffeomorphism which is the 
identity on P{xij, yij) and on dA, such that k{f{pj)) = pj. Such a diffeomorphism k exists since 
cutting the annulus along P{xij, yij) gives a disk, and in a disk there is a diffeomorphism taking 
any interior point x to any other interior point y and fixing a neighborhood of the boundary. The 
composition h[j := k o f : ^ ^ is a diffeomorphism which is the identity on dA, which sends 
the segment [xj^, y^j] to the path P{xij, yij) and such that 

%M)=Vr (4.15) 

Because the mapping h[ - is the identity along dA, it extends to a diffeomorphism h^j along such 
boundary, which satisfies the required properties. Since pj is contained in a unique orbifold chart 
and (14.151) holds, the way in which we defined the smooth structure of S from the orbifold struc- 
ture of S gives that hij defines an orbifold diffeomorphism S ^ S. To emphasize that hij is a 
diffeomorphism at the level of orbifolds, we denote it by h^j : S — »• E. 

The isomorphism h*- induced on the orbifold homology by the orbifold diffeomorphism hij is 
given by 

h*j{ek) = Cfc, k^ i, h*j{ei) = + 7^, (4.16) 

h*^{jk)=lk, (4.17) 

where I < i < 2g and 1 < k < n, and notice that in the first equality we have used that the 
boundary curve of the annulus is in the class of Cj+i. Define fij-. S S to be the orbifold 
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diffeomorphism obtained by composing hij with itself precisely al times. It follows from (14.161 ) 
and (14.171) that 

fiji(^k) =ek if k^i, f*j{ei) = Ci + al 7^, (4.18) 

and 

/*(7fc)=7fc, (4.19) 

where I < i < 2g and 1 < k < n. 

The isomorphisms f*j commute with each other, because they are the identity on the torsion 
subgroup, and only change one loop of the free part which does not affect the other loop^ There- 
fore combining expressions (|4.13l) . (|4.18l) and (14.191) we arrive at the identity 

n 

{{f*)-'oK){e,)=e.+ 47fc. (4.20) 

On the other hand, it follows from (14.141) and (|4.19l) that 

((/*.)-' oi^)(7,)= 7,. (4.21) 
Now consider the isomorphism Kae^, of the orbifold homology group defined by 

i<new := (Ol<.<29,l<,<n (/* )~') O K, (4.22) 

where recall that in (14.221) . g is the genus of the surface underlying S, and n is the number of 
singular points. It follows from expression (14.211) . and from (14.201) . by induction on i and j, that 
-^new given by (|4.22l) is the identity map on the orbifold homology, which then by formula (|4.11l) 
implies that 

G = g^o K'^ = g*o (Oi<i<29, i<j<n ftj) 

= {9 ° (Ol<j<29, l<j<n fij))*, 

and hence G is a geometric isomorphism induced by 

9 ° {Ol<i<2g,l<j<n fij), 

which is a composite of orbifold diffeomorphisms, and hence an orbifold diffeomorhism itself. □ 

Recall that the mappings /ih, /ih are, respectively, the homomorphisms induced on homology 
by the monodromy homomorphisms /i, fx' of the connections fi, ^l' of symplectically orthogonal 
complements to the tangent spaces to the T-orbits in M, M', respectively (c.f. Proposition 12. 171) . 
Recall that u, u' are the unique 2-forms respectively on M/T and M' /T such that T^*y\a^ = cln^ 

and 7r'V%' = o-'\q> , for every x E M,x' E M' . 

x' x' 

^Observe that this is completely false in the fundamental group. 
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Proposition 4.19. Let (M, cr), (M', a') be compact, connected 2n- dimensional symplectic mani- 
folds equipped with an effective symplectic action of a {2n — 2) -dimensional torus T for which at 
least one, and hence every T -orbit is a {2n — 2) -dimensional symplectic submanifold of (M, a) 
and (M', cr'), respectively. Let K = H°'^''(M/T, Z) and similarly K'. Suppose that the sym- 
plectic orbit spaces {M/T, v) and [M' jT, z/') are orbifold symplectomorphic and that /ih is 
Sp(-ft'', K) n -equivalent to p!^ via an automorphism G from the first integral orbifold ho- 
mology group H°*(M7T, Z) onto H°*(M/T, Z) {c.f Corollary IZlgl and Lemma 12291 for the 
definitions of u, u', or see the preceding paragraphs ). Then there exists an orbifold diffeomor- 
phism g : M' /T M/T such that G = and ^[^ = ^^o g^. 

Proof. It follows from Theorem 14. 1 81 applied to the groups Z', Z, which respectively are the first 
integral orbifold homology group of S', and of S, where S' = M'/T, S = M /T. □ 



4.2.4 Fuchsian signature space 

We define the invariant of (M, a) which encodes the monodromy of the connection for n: M ^ 
M/T of symplectic orthogonal complements to the tangent spaces to the T-orbits, c.f. Definition 
14341 

Definition 4.20 Let (9 be a smooth orbisurface with n cone points pk, 1 < k < n. The Fuchsian 
signature sig(0) ofO is the {n + l)-tuple (g; o) where g is the genus of the underlying surface 
to the orbisurface O, Ok is the order of the point pk, which we require to be strictly positive, and 
o = {ok)1^i, where Ok < Ok+i, for all 1 < A; < n — 1. 



Definition 4.21 Let o be an n-dimensional tuple of strictly positive integers. We define 

MSf^ := {B G GL(n, Z)\B-o = d}, 

i.e. A^S° is the group of n-dimensional matrices which permute elements preserving the tuple of 
orders o. 



Definition 4.22 Let {g; o) be an {n + l)-tuple of integers, where the o^'s are strictly positive and 
non-decreasingly ordered. Let T be a torus. The Fuchsian signature space associated to {g; o) is 
the quotient space 

7^(Sr/^(.,o) (4.23) 

where 



Tjy ._ {(t.)2£+" e T'^9+n I jj^g ^. |g ^ multiple of 2g + l<i<n}. 

and where Q^g^ g) is the group of matrices 

Qig;o) ■■={[c D ) ^ ^^^^^ + n, Z) I A G Sp(2^?, Z), D G A^S^^}, (4.24) 
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where Sp(25f, Z) is the group of 25f-dimensional symplectic matrices with integer entries, c.f. Sec- 
tion 3.1.1. and Definition 13. 5[ and A^S° is the group of n-dimensional matrices which permute 
elements preserving the tuple of orders o, c.f. Definition 14.211 

Remark 4.23 The lower left block C in the definition of Q{^g- ^ in Definition l4.22l of the description 
of item 4) is allowed to be any matrix. Intuitively, this reflects that there are many free subgroups 
of the first integral orbifold homology group with together with the torsion span the entire group. 

Definition 4.24 Let (M, a) be a smooth compact and connected symplectic manifold of dimen- 
sion 2n and let T be a {2n — 2) -dimensional torus which acts effectively on (M, a) by means 
of symplectomorphisms. We furthermore assume that at least one, and hence every T-orbit is 
{2n — 2) -dimensional symplectic submanifold of (M, a). Let (g; o) E l}^"^ be the Fuchsian sig- 
nature of the orbit space M /T. Let {'yk}T=i be a geometric torsion basis, c.f. Definition 14. 4[ Let 
{ctj, /3j}f=i be a symplectic basis of a free subgroup of our choice of H°*(M/T, Z), c.f. expres- 
sion (|3.3I) and [37, Th. 2.3] whose direct sum with the torsion subgroup is equal to H°*(M/T, Z). 
Let /ih be the homomomorphism induced on homology by the monodromy homomorphism /i as- 
sociated to the connection Vt, c.f. Proposition l2.17[ The monodromy invariant of{M, a, T) is the 
^(g;^ -orbit 

Gig,o) ■ ((/ih(«^), /ih(A))f=i, Mlk))T=i), (4.25) 

of the(2 gf+n)-tuple ((Ath(ai), /ih(A))f=i, il^hilk))l=i), where ^{3,0) is the group of matrices given 
in (14341) . 

Because the invariant in Definition 14.241 depends on choices, it is unclear whether it is well 
defined. 

Lemma 4.25. Let (M, a) be a smooth compact and connected symplectic manifold of dimen- 
sion 2n and let T be a {2n — 2) -dimensional torus which acts effectively on (M, a) by means 
of symplectomorphisms. We furthermore assume that at least one, and hence every T-orbit is 
{2n — 2)-dimensional symplectic submanifold of {M, a). The monodromy invariant of {M, a, T) 
is well defined, in the following sense. 

Suppose that the signature of M/T is {g; o) G 1}^^. Let F, F' be any two free subgroups 
o/H°*(M/T, Z) whose direct sum with the torsion subgroup is equal to H°*(M/T, Z), and 
let ai, Pi and a[, I3[ be symplectic bases of F, F', respectively. Let r G S^. Let fi^ be the 
homomorphism induced in homology by means of the Hurewicz map from the monodromy ho- 
momorphism fi of the connection of symplectic orthogonal complements to the tangent spaces 
to the T-orbits, c.f. Proposition \2.17\ Then the tuples ((/ih(«i)) A^h(A))f=i) {fJ'h{lk))T=i) 
((/ih(«i), /ih(A'))l=i5 (/^h(7r(fc))fcLi) ii^ in the same Q (^g- g^-orbit in the Fuchsian signature space. 

Proof. A symplectic basis of the maximal free subgroup F of H°* (M/T, Z) may be taken to a 
symplectic basis of the maximal free subgroup F' of H°* (M/T, Z) by a matrix 



^ - ^ GGL(2(7 + m, Z), 
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where the upper block A is a 2 (7-dimensional matrix in the integer symplectic linear group Sp{2g, Z) , 
and the lower block C is (m x 2(7) -dimensional matrix with integer entries. Here Id denotes the 
n-dimensional identity matrix, and is the (m x 2 (7) -dimensional matrix all the entries of which 
equal 0. A geometric torsion basis can be taken to another geometric torsion basis by preserving 
the order o of the orbifold singularities by a matrix of the form 



y-=yO N j eGU2g + m, Z) 
for a certain matrix G ■M.S'^, and the product matrix 

XY = 




lies in ^(3.5). □ 

With this matrix terminology, we can restate Propo sition 14 . 1 9 1 in the following terms. 
See the paragraph preceding Proposition 14 . 1 91 for a reminder of the terminology which we use 
next. 

Proposition 4.26. Let (M, a), (M', a') be compact, connected 2n- dimensional symplectic mani- 
folds equipped with an effective symplectic action of a {2n — 2) -dimensional torus T for which at 
least one, and hence every T -orbit is a {2n — 2) -dimensional symplectic submanifold of (M, a) 
and (M', a'), respectively. Suppose that the symplectic orbit spaces {M/T, u) and {M' /T, u') 
have Fuchsian signature {g; o), that they are orbifold symplectomorphic and that the Q(^g- g^-orbits 

of the {2g + m)-tuples ((/ih(aD, /ih(A'))f=i, (/ih(7fc))r=i) and K(A'))f=i, (K(7D)r=i) 

are equal, where ai, and a'^, [3[ are respectively symplectic bases of free homology subgroups 
ofY{™^{M/T^ Z) and }i°'^^(M' /T, Z) which together with the corresponding torsion subgroups 
span the entire group, and 7^, 7^ are corresponding geometric torsion bases. Then there exists an 
orbifold diffeomorphism g : M'/T —> M/T such that /if, = /^h o 9*- 

Proof By assumption the ^(g;^)-orbits of the {2g + m)-tuples ((/ih(a-), /ih(A'))f=i> (/^h(7l.))r=i) 
and K(A-))f=i) {l^hhk))k=i) equal, and hence = ° G, where G is the iso- 

morphism defined by G{ai) = a-, G{(3i) = (3[ and G{'^i) = l'r{i)- By its definition G is sym- 
plectic and torsion geometric, i.e. G G Sp(A:', K) n S^'^^, where K := H°*(M/T, Z) and 
K' := R1'^{M'/T, Z). Now the result follows from Proposition □ 



4.3 Uniqueness 

4.3.1 List of ingredients of (M, a, T) 

We start by assigning a list of invariants to (Af, a). 

Definition 4.27 Let (M, a) be a compact connected 2n-dimensional symplectic manifold equipped 
with an effective symplectic action of a (2n — 2) -dimensional torus T for which at least one, and 
hence every T-orbit is a (2?2— 2) -dimensional symplectic submanifold of M. The list of ingredients 
of{M, a, T) consists of the following items. 
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1) The Fuchsian signature (g; o) E Tl}^"^ of the orbisurface M/T (c.f. Remark [2 .141 and Defi- 
nition EilOl). 

2) The total symplectic area of the symplectic orbisurface (M/T, z/), where the symplectic 
form V is defined by the condition tx*v\q,^ = (y\Q.^ for every x G M, where vr : M — > M/T is 
the projection map and = (^x{T ■ x))"''^ (c.f. Lemma [2.28l) . 

3) The non-degenerate antisymmetric bilinear form cr' : t x t ^ M on the Lie algebra t of T 
such that for all X, Y e t and all a; G M a:,{XM{x), Ym{x)) = a\X, Y) (c.f. LemmaO)- 

4) The monodromy invariant of (M, a, T), i.e. the Q(^g.3)-oxh\i 

Q{g,o) ■ ((/ih(ai), /ih(A))f=i, (/^h(7fc))r=i), 
of the {2g + m)-tuple ((/ih(a.), /Xh(A))f=i, {l^M)t=i)^ c.f. Definition 1423 





Theorem 4.28. Suppose that G is the first integral orbifold homology group of a compact, con- 
nected, orientable smooth orbisurface of Fuchsian signature [g] o) G Z^^™. Choose a set of 
generators {ai, of a maxima^free subgroup and let {'jk}T=i ^ geometric torsion basis. 

The group of geometric isomorphisms of G, c.f. Definition \4.9\ is equal to the group of isomor- 
phisms of G induced by linear isomorphisms fs of where B G Q^g- gj, and Q{g.^ is given 
in Definition \4.22\ (Recall that we had to choose the generators ai, Pi, •jk in order to define an 
endomorphism fs of 1?^^^^ from the matrix B). 

Proof. After fixing a group, the statement corresponds to that of Theorem |4. 1 81 formulated in the 
language of matrices. □ 

4.3.2 Uniqueness Statement 

The next two results say that the list of ingredients of (M, a, T) as in Definition l4.27l is a complete 
set of invariants of (M, a, T) . 

Lemma 4.29. Let (M, a) be a compact connected 2n-dimensional symplectic manifold equipped 
with an effective symplectic action of a {2n — 2) -dimensional torus T for which at least one, and 
hence every T -orbit is a {2n — 2) -dimensional symplectic submanifold of {M, a). Thenif{M', a') 
is a compact connected 2n-dimensional symplectic manifold equipped with an effective symplectic 
action of T for which at least one, and hence every T-orbit is a {2n — 2) -dimensional symplectic 
submanifold of (M, a'), and (M', a') is T-equivariantly symplectomorphic to (M, a), then the 
list of ingredients of{M', a', T) is equal to the list of ingredients of{M, cr, T). 

The proof of Lemma l4.29l is analogous to the proof of Lemma l3.1 II 
^This means that together with the torsion subgroup span the entire group. 
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Proposition 4.30. Let (M, a) be a compact connected 2n- dimensional symplectic manifold which 
is equipped with an effective symplectic action of a (2n — 2) -dimensional torus T for which at least 
one, and hence every T -orbit is a {2n — 2) -dimensional symplectic submanifold. Then if{M', cr') 
is a compact connected 2n- dimensional symplectic manifold equipped with an effective symplectic 
action of T for which at least one, and hence every T-orbit is a (2n — 2) -dimensional symplectic 
submanifold of (M', cr') and the list of ingredients of (M', a', T) is equal to the list of ingredients 
of{M, a, T), then (M', a') is T-equivariantly symplectomorphic to (M, a). 

Proof. Suppose that the list of ingredients of (Af, a) equals the list of ingredients of (Af , a'). 
Because M/T and M' /T have the same Fuchsian signature and symplectic area, by the orbifold 
version of Moser's theorem [|38> Th. 3.3], the (compact, connected, smooth, orientable) orbisur- 
faces (M/T, u) and {M' /T, u') are symplectomorphic, where v and u' are the symplectic forms 
given by Lemma [2.28[ 

Let /i, /i', yUh, l^'b be the monodromy homomorphisms from the orbifold fundamental groups 
7r5'*(M/T, po),vr5'*(M7T, po), and from the first integral orbifold homology groups H°*(Af/T, Z), 
H°*(M'/T, Z) into the torus T, respectively associated to the symplectic manifolds (M, o), 
(M', a') as in Definition I2.46[ Because ingredient 4) of (Af, a) equals ingredient 4) of (Af , cr'), 
by Proposition l4.26l and Definition 14 . 91 there exists an orbifold diffeomorphism F: M/T M' /T 
such that = ii[^o F^:, and hence fi = /i' o F*. 

The remaining part of the proof is analogous to the proof in the free case, "proof of Proposi- 
tion [3TT21', and the details of the arguments that follow may be found there. If z/g := F*^', the 
symplectic orbit space (Af /T, vq) is symplectomorphic to (M' /T, z/'), by means of F. Let be 

the puUback of the 2-form by the orbifold universal cover tjj : M/T — > M/T of M/T based at 

Po = ^(xq), and similarly we define by means of the universal cover tp' : M'/T — > M'/T 
based at F(pq). As in the proof of Proposition |3.12[ the orbifold symplectomorphism F be- 
tween {M/T, uq) and (M'/T, u') lifts to a unique symplectomorphism F between [M/T , T^) 
and (M'/T, u') such that F{xo) = Xq. Then the assignment 

[[7], t]nf{M/T,po) ^ [^([7]), t]^f{M'/T,p',), 

is a T-equivariant symplectomorphism between the associated bundle M/T x ^mb ^j^^^rp^^^-^ T and 

the associated bundle M'/T x^^orb^^^/yj. p/^^ T, which by by Theorem 12.361 gives a T-equivariant 
symplectomorphism between [M, a) and (Af, a'). □ 

4.4 Existence 

4.4.1 List of ingredients for T 

We assign to a torus T a list of four ingredients. This is analogous to Definition 13. 131 

Definition 4.31 Let T be a torus. The list of ingredients for T consists of the following. 

i) An (m + l)-tuple [g; o) of integers, where o is non-decreasingly ordered and consists of 
strictly positive integers and m is a non-negative integer, and such that [g; o) is not of the 
form (0; oi) or of the form (0; oi, 02) with oi < 02. 
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ii) A positive real number A > 0. 

iii) A non-degenerate antisymmetric bilinear form cr' : t x t — >^ M on the Lie algebra t of T. 

iv) An orbit G{g,o) ^ '^{g-Vj^ /G{g,o) in the Fuchsian signature space associated to {g; o), where 

T^9-^ = {(ti)i£|™ e ^^^^"^ I the order of U is a multiple of Oi,2g + 1 < i < 2g + m}, 
and where Q{g,o) is the group of matrices in Definition 14.221 



4.4.2 Existence statement 

Any list of ingredients as in Definition 14.311 gives rise to one of our manifolds with symplectic 
T-action. 

Proposition 4.32. Let T be a (2n — 2) -dimensional torus. Then given a list of ingredients for T, 
as in Definition \4.31\ there exists a 2n-dimensional symplectic manifold (M, cr) with an effective 
symplectic action of T for which at least one, and hence every T-orbit is a (2n — 2) -dimensional 
symplectic submanifold of (M, a), and such that the list of ingredients of (M, cr, T) is equal to 
the list of ingredients for T. 

Proof. Let X be a list of ingredients for the torus T, as in Definition 14.3 II Let the pair (S, o^) be 
a compact, connected symplectic orbisurface of Fuchsian signature {g; o) given by ingredient i) of 
X in Definition 14.3 1[ and with total symplectic area equal to the positive real number A, where A is 
given by ingredient ii) of X. By [|55l Th. 13.3.6], since {g; o) is not of the form (0; Oi), (0; oi, 02) 
with oi < 02 by assumption, S is a (very) good orbisurface. Let the space S be the orbifold 
universal cover of E, which is a smooth manifold, based at an arbitrary regular point po ^ S 
which we fix for the rest of the proof, c.f. the construction we gave prior to Definition 12.321 
and Theorem 12.361 Because S is very good orbisurface, S is a smooth surface. Let a^, [3i, for 
1 <i < 2g, be a symplectic basis of a free subgroup of H°*(S, Z) which together with the torsion 
subgroup span the entire group, and let 7^, for 1 < A; < m, be a geometric torsion basis and 
define /Xh^ H°*(S, Z) — > T to be the unique homomorphism such that /Uh(«i) = a,, /Uh(A) = 
bi, l^'hilk) = Ck, where the tuple ((a,, 6j), (7^)) represents ingredient iv) of X, and hi denotes the 
orbifold Hurewicz homomorphism from 7rJ*(S, po) toH°*(S, Z). Let fi: 7rf''(S, po) ^ Tbethe 
homomorphism defined as /i := fi^^ o hi. Let the orbifold fundamental group 7r°*(S, pq) act on 
the smooth manifold given as the Cartesian product S x T by the diagonal action [5] ■ ([7], t) = 
([57^"'^], /i([5]) t). Define the bundle space 

^model,po:=^X<(E.po)^- (4.26) 

The symplectic form and torus action on M^^^^i ^^ are constructed in the exact same way as in the 
free case, c.f. proof of Proposition 13 . 1 4l 

The proof that ingredients l)-3) of (M^^^gi cTmodei) equal to ingredients l)-3) of the 
list X is the same as in the free case (c.f. proof of Proposition 13.141) . with the observation that 
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in the non-free case we use the classification theorem of compact, connected, smooth orientable 
orbisurfaces Theorem 14.21 of Thurston's instead of the classical classification theorem of com- 
pact, connected, smooth surfaces, to prove that the corresponding ingredients 1) agree. We have 
left to show that ingredient 4) of (M^^^gi p^^, cTmodei) equals ingredient 4) of the list X. Let ^^^odei 
stand for the flat connection on M^^^jgi given by the symplectic orthogonal complements to the 

tangent spaces to the T-orbits, see Proposition l2.17[ and let /ij^ stand for the induced homomor- 
phism : }i° {M^^^^^/T, Z) — > T in homology, by the monodromy of such connection. If 

/: H°*(M^„dei/^> ^) ^ H™''(S, Z) is the group isomorphism induced by the orbifold symplec- 
tomorphism 

M^^,JT ^ S/7rr(S, Po) - S, (4.27) 
where each arrow in (14.271) represents the natural map, 

/^h™"' = /^h o /. (4.28) 

Because / is induced by a diffeomorphism, by Theorem l4.18l / is symplectic and torsion geomet- 
ric, c.f. Definition 14. 1 41 and Definition 14. 131 Therefore there exists a unique collection of elements 
a'i, I3'i, l<i <g, inH°*(M^„dei/^, ^) such that /(aQ = a, and /(/?;) = A, for aU 1 < i < ^. 
The elements a[, l3[, I < i < g, form a symplectic basis of a free subgroup of the orbifold 
homology group }il'^^{M^^^^^jT, Z), which together with the torsion subgroup spans the entire 
group. Similarly let the collection 7^, for 1 < A; < m, be such that 7(7^) = jk, for all 1 < A; < m. 
The 7[., 1 < A; < m, form a geometric torsion basis, c.f. Definition 14.41 such that = o'^^^j^^ for 

all A;, 1 < A; < m, for a permutation r E S°„. Let ^ be the {2g + m)-tuple of elements 

y"h'™''''(A')5 /"h'^'^'lTfe)' where 1 < i < g and 1 < k < m. Therefore by (14.281) 

i= ((/ih(ai), /ih(A))f=i, (/^h(7fc))r=i)) 
which in particular implies that ingredient 4) of (M^^^^i a^^^^i) equals ((a^, bi), ct). □ 

4.5 Classification Theorem 

By putting together the results of the previous subsections, we obtain the main result of the section: 

Theorem 4.33. Let T be a {2n — 2) -dimensional torus. Let (M, a) be a compact connected 2n- 
-dimensional symplectic manifold on which T acts effectively and symplectically and such that at 
least one, and hence every T -orbit is a {2n — 2) -dimensional symplectic submanifold of{M, a). 

Then the list of ingredients of (M, a, T) as in Definition \4.27\ is a complete set of invariants 
of (M, a, T), in the sense that, if (M', a') is a compact connected 2n-dimensional symplectic 
manifold equipped with an effective symplectic action of T for which at least one, and hence every 
T-orbit is a {2n — 2) -dimensional symplectic submanifold of {M' , a'), (M', a') is T-equivariantly 
symplectomorphic to (M, cr) if and only if the list of ingredients of{M', a', T) is equal to the list 
of ingredients of {M ^ cr, T). 
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And given a list of ingredients for T, as in Definition \4.31\ there exists a symplectic 2n- 
-dimensional manifold (M, cr) with an effective symplectic torus action of T for which at least 
one, and hence every T -orbit is a {2n — 2) -dimensional symplectic submanifold of (M, a), such 
that the list of ingredients of (M, a, T) is equal to the list of ingredients for T. 

Proof. It follows by putting together Lemma |4.29[ Proposition 14.301 and Proposition I4.32[ The 
combination of Lemma |4.29[ Proposition l4.30l gives the existence part of the theorem, while Propo- 
sition |432] gives the existence part. □ 

Remark 4.34 The author is grateful to professor Deligne for pointing out an imprecision in 
a earlier version of the following statements. Let T be a (2n — 2) -dimensional torus. Let Ai 
denote the category of which the objects are the compact connected symplectic 2n-dimensional 
manifolds (M, cr) together with an effective symplectic T-action on (M, a) such that at least one, 
and hence every T-orbit is a (2n — 2) -dimensional symplectic submanifold of M, and of which the 
morphisms are the T-equivariant symplectomorphisms of (M, a). Let X denote the set of all lists 
of ingredients as in Definition 14. 3 11 viewed as a category, and of which the identities are the only 
endomorphisms of categories. Then the assignment l in Definition 14.271 is a full functor categories 
from the category onto the category I. In particular the proper class A^/ ~ of isomorphism 
classes in is a set, and the functor l: Ai ^ X in Definition 14.271 induces a bijective mapping 
t/ ~ from Ai/ ~ onto X. The fact that the mapping l.: M. ^ X is a functor and the mapping l/ ~ 
is injective follows from the uniqueness part of the statement of Theorem 14. 33 [ The surjectivity of 
L, follows from the existence part of the statement of Theorem 14. 3 31 



5 The four dimensional classification 

We give a classification of effective symplectic actions of 2-tori on compact, connected, symplectic 
4-dimensional manifolds under no additional assumption. 

This generalizes the 4-dimensional case of Delzant's theorem on the classification of symplectic- 
toric manifolds to symplectic actions which are not Hamiltonian. 

5.1 Classification Statement 

We state the main theorem. 

The following is a special case of [fT2l Def. 9.1]. We call the list "free and Lagrangian" for 
obvious reasons, c.f. Theorem 15. 61 

Definition 5.1 Let T be a 2-torus. hfree and Lagrangian list of ingredients for T consists of: 

1) A discrete cocompact subgroup P of t*. 

2) An antisymmetric bilinear mapping c : t* x t* — > t with the following properties. 

2a) For every C' ^ the element c(C, CO ^ t belongs to the integral lattice in t, the 
kernel of the exponential mapping exp : t ^ T. 
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2b) For every (, (" e t* we have that 



C(c(C', C")) + CW, C)) + C"(c(C, C')) = o. 

3) An element in T, c.f. (l53l) . 



The following definition is a particular case of [[T2l Def. 7.9]. 

Definition 5.2 Let c: t* x t* ^ t be as in item 2) of Definition 15. II Let Homc(P, T) denote the 
space of mappings r : P ^ T, T(^, such that 

rc,rc = rcK'e^(^'^)/^ C, C e P. (5.1) 

For each (' E t*, ( ^-^ c(C, C') is a homomorphism from P to t. Write c(-, t*) for the set of all 
c(-, C) E Hom(P, t) such that (' E t*. c(-, t*) is a linear subspace of the Lie algebraHom(P, t) of 
Hom(P, T) . If /i : I— i> /i^ is a homomorphism from P to T, then h-r : ( E Homc(P, T) 

for every r E Homc(P, T), and (h, r) t— > /i • r defines a free, proper, and transitive action of 
Hom(P, T) on Homc(P, T) . Let Sym denote the space of all linear mappings a : t* ^ t, ^ a^, 
which are symmetric in the sense of 

- = 0. (5.2) 

For each a E Sym, the restriction a |p of a to P is a homomorphism from P to t. In this way the 
set Sym |p of all a;|p such that a E Sym is another linear subspace of Hom(P, t). Write 

r :=Home(P, T)/exp^, ^ := c(-, t*) + Sym |p (5.3) 

for the orbit space of the action of the Lie subgroup exp A of Hom(P, T) on Homc(P, T). 

Remark 5.3 Because c(P x P) c Tz, the factor e'^^'^''^)/^ in is an element of order two in T. 
The elements of Homc(P, T) are homomorphisms from P to T if c(P x P) c 2Tz. Hom(P, T) 
is a torus group, a compact, connected, and commutative Lie group with Lie algebra equal to 
the vector space Hom(P, t) of dimension (dimT)^. Homc(P, T) is diffeomorphic to a torus of 
dimension (dim T)^. 

The following is our main result of this paper, a classification of symplectic actions of 2-tori on 
compact, connected symplectic 4-manifolds, up to T-equivariant symplectomorphisms. Theorem 
15.41 consists of two separate statements. The first statement says that the examples in i) and ii) 
are symplectic T-manifolds with certain characteristics. Moreover it says that any symplectic 4- 
-manifold with a 2-torus action is of the form given in i), ii), 1) or 2). The second statement says 
that for any two different lists of ingredients (a discrete cocompact subgroup, a bilinear form etc.) 
as in i) or ii) give rise to symplectic manifolds which are not T-equivariantly symplectomorphic. 
Hence Theorem 15 .41 is a full classification. 
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Theorem 5.4. Let T be a 2-dimensional torus. Then the following hold: 

i) For any choice of a discrete cocompact subgroup P oft*, a bilinear form c: t* x t* — > t and 
an equivalence class of a mapping [r]exp(^), as in Definition 15.71 let l: P ^ T x t* be the 
mapping ^ i-^ (t^^; 0- which is a homomorphism onto a discrete cocompact subgroup of 
T X t* with respect to the non-abelian group structure given by 

(t, {f, c') = (tt'e-(^'^')/^c+co• 

Equip T X t* with the standard cotangent bundle symplectic form. Then (T x t*)/i(P) 
equipped with the action ofT which comes from the action ofT by translations on the left 
factor ofTx t*, and where the symplectic form on (T x t*)/t(P) is the T -invariant form 
induced by the symplectic form onT x t*, is a compact, connected symplectic 4-manifold on 
which T acts freely and for which the T -orbits are Lagrangian 2-tori. 

ii) For any choice of an {m + l)-tuple {g; o) of integers, a positive real number A > 0, a non- 
degenerate antisymmetric bilinear form cr' on i, and an element Q{g,g) ■ ^ G T^g-~l^ /Q{g,o) 
where ^ = ((oj, bi), (cfc)) as in Definition \4.31\ let S be an orbisurface with Fuchsian 
signature {g; o), and total symplectic area \, and let po G S. Let ai, Pi, fori < i < 2g, be a 
symplectic basis of a free subgroup o/H°'^^(Il, Z) which together with the torsion subgroup 
spans H°'^'^(S, Z), and let 7^, for 1 < k < m, be a geometric torsion basis (c.f Definition 
\4.4\) . Let hi be the Hurewicz homomorphism. Let /h to be the unique homomorphism such 
that fh{ai) = tti, fh{pi) = bi, /h(7fc) = c^. Let / := o hi. Let 7r°*(S, po) act onflxT 

Equip the universal cover S with the symplectic form pullback from S, and S x T with the 
product symplectic form. Let T act by translations on the right factor ofUxT. Then the 
space S x^orb(2,p(j) T endowed with the unique symplectic form and T -action induced by the 
product ones is a compact, connected symplectic A-manifold on which T acts effectively and 
for which the T -orbits are symplectic 2-tori. 

Moreover, if{M, a) is a compact connected symplectic A-dimensional manifold equipped with an 
effective symplectic action of a 2-torus T, then one and only one of the following cases occurs: 

1 ) (M, cr) is a A- dimensional symplectic toric manifold, hence determined up to T -equivariant 
symplectomorphisms by its Delzant polygon ii{M) centered at the origin, where : M ^ i* 
is the momentum map for the T -action. 

2) (M, a) is equivariantly symplectomorphic to a product x S^, where = (M/Z)^ and 
the first factor o/T^ acts on the left factor by translations on one component, and the second 
factor acts on S"^ by rotations about the vertical axis of S^. The symplectic form is a pos- 
itive linear combination of the standard translation invariant form on and the standard 
rotation invariant form on S"^. 

3) (M, cr) is T -equivariantly symplectomorphic to one and only one of the symplectic T- 
manifolds in part i), given by a unique list of ingredients. 
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4) (M, cr) is T -equivariantly symplectomorphic to one and only one of the symplectic T- 
manifolds in part ii), given by a unique list of ingredients. 



5.2 Proof of Theorem H 

We make use of results in sections 3, 4 and ideas/methods in proofs of lfT2l Prop. 5.5, Lem. 7.1, 
Lem. 7.5]. Because we do not reprove anything which appeared therein, it is unrealistic to expect 
understanding every detail of the proof below without prior knowledge of them. References are 
given to specific parts of the previous sections and to [(12|| when appropiate. We divide the proof 
into three steps. 



Step 1. First suppose that the 2-dimensional T-orbits which are Lagrangian submanifolds of 
(M, cr). The ingredients of the construction of the model {M^odeh o^modei) in Claim 1.1 below, 
which we obtain as a particular case of [fT2l Prop. 7.2, Prop. 7.4], are the following. (Afh, Oh) is a 
Delzant submanifold of (Af, cr), where crh equals cr restricted to Mj,; Th is the maximal subtori of 
T which acts on M in a Hamiltonian fashion. Because T is 2-dimensional, it follows from lfT2l 
Lem. 2.6, Lem. 3.11] that T = Th if the T-action is Hamiltonian, T = {1} if the action is free, 
and otherwise = Th for any x such that ^ {1}; = (t/th)*; G is the Lie group 

G:=TxN, (5.4) 

which is two-step nilpotent with respect to the non-abelian product 

(t, C)(^',C') = («'e~'=(^•^')/^C + C'), (5.5) 

where 

c:NxN^i, (5.6) 

is a certain antisymmetric bilinear form which represents the Chem class of the principal bundle 
Mreg — > Mreg/T; the so called period lattice 

P<N, (5.7) 

which is a discrete, cocompact, subgroup; H < G is a commutative, closed. Lie subgroup, defined 
in terms of the holonomy r, which lives in certain exponential quotient of the, roughly speaking, 
homomorphism group Homc(P, T), c.f. (15.31) : H acts on G x A/h by 

i{t,C),x)^itr^)-x. (5.8) 

In a formula, 

H = {{t,0\^eP,tr^en}<G. (5.9) 
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The map 

((t, 0, x) ^ (tT^) ■ X : H X Mi, (5.10) 

defines a smooth action of H on the Delzant manifold Mj,. The symplectic form (Jmodei on Mmodei := 
G Xh Mil is given by a explicit fomiula as follows, c.f. [fT2l Prop. 7.4], where X i-^ Xh is a pro- 
jection onto th (this depends on a choice of freely acting torus Tf, which induces a decomposition 
of t, c.f. [fT2l Sec. 5.2]). First consider the form on G x Mh 

uja{6a, 6'a) = 6C{X') - 6'C{X) 

-fi{x){ci,{6C, 6C)) + {(TiiUSx, {XI^)m,{x)) 

-icTi,)^{6'x, (Xh)A4(a;)) + i(rh),^{6x, 5'x), (5.11) 

where q, is the i^-component of c and /i is the momentum map for the Hamiltonian Th-action, 
c.f. fil2L Lem. 3.11]. Here 5a = {(5t, 5Q, 5x) and 6'a = {{5't, 5X), 5'x) are tangent vectors 
to G X Mh at a = ((t, (), x), where we identify each tangent space of the torus T with t, and 
X = 6t + c{6C, C) /2 and X' = 6't + c{6'C, C) /2. Let ttm^^^ ■ GxMi,^ M^odei be the canonical 
projection. Then there exists a unique 2-form (Xmodei such that 

^ = ^M,™,„ ^model. (5.12) 

The translational T-action on Mmodei by left multiplications on T is so that Th acts on the Delzant 
manifold Mh, and its complement Tf in T, which acts freely, permutes the Delzant submanifolds. 

Claim 1.1. There exists a T-equivariant symplectomorphism from (Mmodei, CTmodei) onto (M, a). 

Proof of Claim i.i. (Sketch). The first observation is that the orbit space M/T is a polyhedral 
t* -parallel space. A i* -parallel space is a Hausdorff, topological space modelled on a corner of t*, 
c.f. [|T2l Def. 10.1]. The local charts 0^ into t*, satisfy that the mapping x t— > 0a(x) — ^/^(x) has 
to be locally constant for all values of a and (3. Consider the form (t{X) := —\Xm^ ^ fi^(M), 
which is a closed, basic form, if X G t. The assignment a: x ^ {cTx '■ T^^ M ^ t*), where we use 
the identification — T^vr, induces and isomorphism dp-. Tp(Mreg/T) i* . This implies that 
a "constant vector field on A'°°(Mi.eg/T)" can be thought of as an element G t*". is a lift of 
^ if a-x{L^) = ^. Secondly, as t*-parallel spaces, there is an isomorphism M/T ~ A x 5, where 
A is a Delzant polytope, and S* is a torus, c.f. [[T2l Prop. 3.8, Th. 10.12]. Proving this involves the 
classification of V-parallel spaces. Moreover, it involves generalizing the Tietze-Nakajima theo- 
rem in [521, [|39l . Here the Delzant polytope A captures the Hamiltonian part of the action, while 
the torus 5" captures the free part. 

Recall that M^g is the subset of M where the Taction is free. In [|T2l Prop. 5.5] we showed 
that there exists a "nice" admissible connection ^ E t* i-^ e X°°{Mreg), Def. 5.3], for 
the principal T-bundle tt: M^g — > Mreg/T, The lifts L^, ^ E N, have smooth extensions to M. 
Here "nice" means with simple Lie brackets [L^, L^], such as [L^, L^] = c(^, r])M, ^, f] E N, 
where c as in (15.61 ) represents the Chem class of vr : Mjeg — > M^^g/T, and zero otherwise. We also 
achieve simple symplectic pairings cr(Tg, L^). In the particular case that = 0, we have that 
a{L^, Lr,) = 0, for all r] E t*. The lifts L^, ^ ^ X, are singular on M \ Mieg. The singularities 
are also required to be simple. This step involves computations in the cohomology ring H*(M/T). 
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Then in lfT2l Prop. 6.1] we define the integrable distribution{D2:}xeMon M where is the 
span of Lrf{x), Ym{x) as Y E t^, t] E C, where C (B N = t*. The integral manifolds of this dis- 
tribution are T-equivariantly symplectomorphic to the Delzant manifold (Mh, a^, T^). Assuming 
this, we make the definition of G in (15.41) . H in (15.91 ). and A/modei from the connection ^ t-^ L^, 
and the definition of cxmodei in (15.121) . The definition of H involves the holonomy of the connec- 
tion ^ i-^ L^. And the T-equivariant symplectomorphism between the model G and our 
symplectic T-manifold (M, a) is induced by 

((t, 0, x)^t- e^«(x) -.GxM^-^M. (5.13) 

P is rigorously introduced in Lemma 10.12, Proposition 3.8 in [fT2]l : c is introduced in in Proposi- 
tion 5.5 therein. 



Step 2. In Step 1 we introduced ingredients i) and ii) below. The definition of ingredient iii) 
takes Section 7.5 in 1121 1§ 

Definition 5.5 Let (M, a) be a compact, connected symplectic manifold equipped with a free 
symplectic action of a 2-torus T for which the T-orbits are Lagrangian submanifolds of (M, a). 
The list of ingredients of{M, a, T), as in Definition 15. 1[ consists of: 

i) The period lattice group P in t*, where t* acts on the orbit space M/T, c.f. (|5.7I) . 

ii) The antisymmetric bilinear mapping c: t* x t* ^ t, c.f. (15.61 ) with = {0} and so = t*. 

iii) The so called holonomy invariant of (M , a, T), which is an element in T, c.f. (|5.3I) . 



[fT2l Th. 9.4, Th. 9.6] imply the following. 

Theorem 5.6. Let T be a 2-torus. The list of ingredients of (M, a, T) is a complete set of invari- 
ants for the compact connected symplectic manifold (M, a) with free symplectic T-action with 
Lagrangian orbits, in the following sense. 

If (M', a') is another compact connected symplectic manifold with a free symplectic T-action 
with Lagrangian orbits, then there exists a T-equivariant symplectomorphism from (M, a) onto 
(M', a') if and only if the list of ingredients of (M, a, T) is equal to the list of ingredients of 
(M', a', T). 

Moreover, every list of ingredients as in Definition I5.il is equal to the list of invariants of a 
compact connected symplectic manifold (M, a) with free symplectic T-action with Lagrangian 
orbits. 

The next step combines Step 1 and Step 2, together with the results in sections 3, 4. 



'^Recall: the proof of Theorem IS .41 depends on Definition 15 . 5 I below. and in particular in item iii), but its statement 
did not. 
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Step 3. Throughout we refer to the items in the statement of Theorem 15 .41 It follows from 
the definitions that the mapping l : ( t-^ (^(^^^ C) i^i part i) is a homomorphism from P onto a 
discrete cocompact subgroup of T x t*. Proving that the space defined in part i) is a compact, 
connected symplectic 4-manifold equipped with a effective symplectic action is also an exercise 
using the definitions. Similarly, it follows from the pointwise expression for the symplectic form 
on T X t* that the symplectic form on (T x t*)/i(P) vanishes along the T-orbits, which hence 
are isotropic submanifolds of (T x t*)/i(P). The action on T x t* is free, and passes to a free 
action on (T x t*) / l{P), and hence all the T-orbits (T x {t}) / l{P) are 2-dimensional Lagrangian 
submanifolds of (T x t*)/i(P), diffeomorphic to T itself. The fact that the space in case ii) is a 
symplectic manifold equipped with an effective action, and that all the elements involved in the 
definition are well defined was checked in the proof of Proposition |432l and the references therein 
given. The fact that the T-orbits are 2-tori follows by the same reasoning as in i). 

To prove the second part, suppose that (M, a) is a compact connected symplectic 4-dimensional 
manifold equipped with an effective symplectic action of a 2-torus T. If there exists a 2-dimensional 
symplectic T-orbit then, by Lemma every T-orbit is a 2-dimensional symplectic submani- 
fold of (Af, a). Assume that none of the T-orbits is a symplectic 2-dimensional submanifold of 
(M, a). Then the antisymmetric bilinear form in (12.11 ) is degenerate, and hence it has a one 
or two-dimensional kernel [ C t. If dim [ = 2, then [ = t and a' = 0, so every T-orbit is an 
isotropic submanifold of (Af, a). Hence the 2-dimensional T-orbits are Lagrangian submanifolds 
of (Af, cr). If dim [ = 1 there exists a one-dimensional complement to [ in t, such that the re- 
striction of cr' to y is a non-degenerate, antisymmetric bilinear form, and hence identically equal 
to zero, a contradiction. Hence either every T-orbit is a 2-dimensional symplectic submanifold of 
(Af, cr), or the 2-dimensional T-orbits are Lagrangian submanifolds of (Af, a). We distinguish 
three cases according to this. 

Case 3.1. Suppose that the action ofT on Af is Hamiltonian. Because T is 2-dimensional, (Af , a) 
is a symplectic toric manifold, and hence by Delzant's theorem [10], the image yu(Af) of Af under 
the momentum map fi: Af — > t* determines (Af, a) up to T-equivariant symplectomorphisms (the 
explicit construction of Af from /i(Af ) is given in Delzant's article). 

In the next three cases we assume that the T-action on Af is not Hamiltonian, so that (Af, a) 
is not a symplectic toric manifold. 

Case 3.2. Suppose that (Af , a) has Lagrangian 2-dimensional orbits, and that T does not act 
freely on (Af, cr) with all T-orbits being Lagrangian 2-tori. By [[T2l Lem. 2.6] the stabilizer 
subgroups are connected, and hence subtori of T. Since the T action is not free, there exists a 
1-dimensional stabilizer subgroup, and hence the Hamiltonian torus T^ is a 1-dimensional subtori 
of T. Let Tf be a complementary torus to the Hamiltonian torus TJ, in T, and let tf be its Lie algebra. 
Since t is 2-dimensional and = (t/th)*, dim = L Therefore the antisymmetric bilinear form 
c: A^ X A^ ^ t in (15.61) is identically zero. Then the Lie group G in (|5.4I) is the Cartesian product 
Th X Gu in which Gf ■=TfxN, where the product in Gf is defined by (tf, C) (^f , C) = (tf tf, C + C), 
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and by [fT2l Lem. 7.1, iii) form. (7.8)] we have that r^^ E Tf for every ( ^ P- 

Then the mapping l : ( ^-^ (''"c"^' is a homomorphism from P onto a discrete cocompact 
subgroup of Gf. With the same proof as in [12, Prop. 7.2] that (15.131) induces a T-equivariant 
diffeomorphism G Mi^ — > M, we obtain that the mapping {{tf, C),^) ^ tf- e^'^ {x) : G{ x Mh ^ 
M induces a T-equivariant diffeomorphism ctf from Mf x Mh onto M. Let Ch be the th-component 
of c in t = th © tf. Let rcf, be the projection form Mf x Mh onto the first and the second factor, 
respectively. The symplectic form a{* a on Mf x Mh is equal to vTf* (Xf + vTh* a^, and the symplectic 
form cTf on Mf is given, according to (15.1 II) with Ch = 0, by 

{aMSb, 6'b) = 6C{6't) - 6X{St). (5.14) 

Here b = {t, () l{P) e Gf/L{P), the tangent vectors 6b = {6t, 6Q and 6'b = {6't, 6'C) are ele- 
ments of tf X N. It follows that (M, a, T) is T-equivariantly symplectomorphic to (Mf, Of, Tf) x 
(Mh, (Th7 %), in which (Mf, Of, T}) is a compact connected symplectic manifold with a free sym- 
plectic action Tf-action. Here t eT acts on Mf x Mh by sending (xf, Xh) to (tf -Xf, 4 -a^h), if t = tf 
with tf G Tf and 4 G 2h. 

Then the classification of symplectic toric manifolds pTOl of Delzant implies that Afh is a 2- 
-sphere equipped with an S^-action by rotations about the vertical axis and endowed with a rota- 
tionally invariant symplectic form. On the other hand Mf is diffeomorphic to T ~ T^, since 
does not act freely on a surface non-diffeomorphic to T, which in turn implies that M is of the 
form given in part 2) of the statement. 

Case 3.3]^ Suppose that all T -orbits are Lagrangian 2-tori and ttiat T acts freely. That (M, a) is 
as in part i) of the statement for a unique choice of the ingredients therein, follows from Theorem 
ISDonce we show that the model G x Mh of (M, a) in Claim 1.1 is of the form (T x i*)/L{P) 
with the T-actions and symplectic form in part i), which we do next. This unique choice of in- 
gredients is given by Definition 15.51 Since the T-action is free, Th = {e} and hence, by (15.91 ). 

= {(t, r^) I ^ G P, tr^ = 0} = l{P) and th = {0}, where l was given in part i) of the statement. 
Also G = T X t*, c.f. (15.41) . Because Th = {1}, the Delzant submanifold Mh may be chosen to be 
any point x G M, and there is a natural T-equivariant symplectomorphism 

G xh Mh G/H X {x} G/H = (T x t*)A(P), 

where (T x i*)/i{P) is equipped with the symplectic form (15.141) . but considering that 6b = 
{6t, 6C), 6'b = {6't, 6'C) G t X t*. This expression for the symplectic form can be obtained by 
simplifying expression (15.1 II ) according to a^, Ch trivial0 

^ The approach to the proofs of case 3.2 and 3.3 are different. In Case 3.3, the Delzant manifold A/h is trivial, so 
the proof is easily obtained as a particular case of the model G xh Mh. In Case 3.3 this approach does not lead to 
a product Mf x Afh directly, and hence why we used the same proof method as in Claim 1 . 1 but did not specialize. 
Although if Mf := Gf/ l{P) and H° :— Th x {!}, the mapping g ^ g H° defines an isomorphism from Gf onto the 
group G/H°, and an isomorphism from i{P) onto H/ H", which leads to an identification of Mf with G/ H, G x h M^ 
is not even T-equivariantly diffeomorphic to G/H x Mh with the induced action. 

'°It follows that for any x E M, the mapping 

{t, C) ie^«(a;): T x t* ^ M, 
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Case 3.4. Suppose that all T -orbits are symplectic 2-tori. Then it follows from Theorem 14.331 
that (Af, a) is T-equivariantly symplectomorphic to the symplectic T-manifold given in part ii) 
of the statement for a unique choice of ingredients, and this unique list is given in Definition 14.271 
with / = and /4 = fh- 

This concludes the proof of Theorem |5.4[ □ 

5.3 Corollaries of Theorem 15.41 

In the statement of Theorem 15. 41 (T x t*)/ l.(P) is a principal T-bundle over the torus i* /P. Palais 
and Stewart [44] showed that every principal torus bundle over a torus is diffeomorphic to a nilman- 
ifold for a two-step nilpotent Lie group. We have given an explicit description of this nilmanifold 
structure in Theorem 15. 41 i). Theorem 15. 41 also implies the following results. 

Theorem 5.7. The only symplectic 4:- dimensional manifold equipped with a non-locally-free and 
non-Hamiltonian effective symplectic action of a 2-torus is, up to equivariant symplectomor- 
phisms, the product x S"^, where = (M/Z)^ and the first factor of acts on the left 
factor by translations on one component, and the second factor acts on S*^ by rotations about the 
vertical axis ofS^. The symplectic form is a positive linear combination of the standard translation 
invariant form on and the standard rotation invariant form on S"^. 

Proof. Since the T-action is not Hamiltonian, case 1) in the statement of Theorem 15.41 cannot oc- 
cur. Since the action is non-locally-free, there are one-dimensional or two-dimensional stabilizer 
subgroups, (M, a) cannot be as in item 3) or 4): in item 3) the stabilizers are all trivial, and in item 
4) the stabilizers are finite groups. □ 

Theorem 5.8. Let (M, a) be a non-simply connected symplectic 4-manifold equipped with a sym- 
plectic non-free action of a 2-torus T and such that M is not homeomorphic to T x S"^, then 
(M, cr) is of the form given in part ii) of the statement of Theorem \5 .4\ for some m > 1. 

Proof. This follows by Theorem 15.41 by the fact that Delzant manifolds are simply connected. 
Indeed, every Delzant manifold can be provided with the structure of a toric variety defined by a 
complete fan, cf. Delzant UQI and Guillemin (fTTl App. 1], and Danilov [9, Th. 9.1] observed 
that such a toric variety is simply connected. The argument is that the toric variety has an open 
cell which is isomorphic to C", of which the complement is a complex subvariety of complex 
codimension one. Therefore any loop can be deformed into the cell and contracted within the cell 
to a point. □ 

Remark 5.9 The reasons because of which we have imposed that the torus T is 2-dimensional 
and (M, a) is 4-dimensional in Theorem 15 .41 are 

induced by the mapping ( 15.131 ). gives a T-equivariant symplectomorphism between (T x t*)/ l{P) and (Af, a). 
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i) There does not exist a classification of n-dimensional smooth orbifolds if n > 1. 

ii) In dimensions greater than 2, the symplectic form is not determined by a single number 
(Moser's theorem). 

iii) If M is not 4-dimensional, and T is not 2-dimensional, then there are many cases where not 
all of the torus orbits are symplectic, and not all of the torus orbits are isotropic. Other than 
that Theorem 15.41 may be generalized. Let (M, a) be a compact connected symplectic 2n- 
dimensional manifold equipped with an effective symplectic action of a torus T and suppose 
that one of the following two conditions hold: 

1 . There exists a T-orbit of dimension dim T which is a symplectic submanifold of (M, a). 

2. There exists a principal T-orbit which is a coisotropic submanifold of (M, a). 

Then such symplectic manifolds with T-actions are classified analogously to Theorem 15. 4[ 
but in weaker terms (e.g. involving an n-dimensional orbifold as in item i) above instead of 
the first two items of Definition 14 .3 1 1) . 
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